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Abstract

We consider the class of optimal control problems, linear in the control,
with control bounded by linear inequalities, and with terminal equality and
inequality constraints. Both the control and state variables are multidimen-
sional, and the examined control is totally singular. For such problems we
suggest quadratic-order necessary and sufficient conditions for a weak and a
so-called Pontryagin minimum, the last being a minimum of an intermediate
type between classic weak and strong minima. Necessary conditions transform
into sufficient ones only by strengthening an inequality, what is similar to
conditions in the classical analysis and calculus of variations (adjoint pairs of
conditions).
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1 Statement of the problem and preliminaries

Let us consider the control system:

k
fb:fO(xat)'i'F(xat)u:fO(:th)'i'Zuifi(xvt)v (1)
i=1
where all the functions fo, ..., fr are defined in an open set D, ; in R* x R and
take values in R", they are assumed to be C?—smooth in (z,t). Here fi(z,t), i =
1,...,k, are the columns of the matrix F(z,1t).
We consider this system on a fixed time interval [to, #1]. Denote zo = 2(to), 1 =

z(t1), and p = (2o, z1), and consider the following optimal control problem A:

J = po(p) — min, (2)
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pilp) <0, i=1...,n (3)
K(p) = 0, (4)

u(t) € U, (5)

(6)

(:B(t),t) € Dg, pEDp, 6

where o, ..., ¢, K are C*—smooth functions (K is multidimensional), defined in
an open set D, in R?", and U is a closed convex solid set in RF. The sets D, and
D, are usually just implied, but not indicated explicitly.

Without loss of generality we may put ¢¢ = 0 and ¢; = T, denoting then
z(t1) = z7. Note a well known important property of system (1) (see e.g. [41, 33]).

Theorem 1.1.  Let u,, € LE[0,T], and =, be the solution of (1) for um

_Xk
with an initial condition ©m(0) = an,. Let tup, w% up € L. [0,T), am — ao,

and z be the solution of (1) for ug with the initial condition x0(0) = ao.
Then xn = zo (uniformly).

In Problem A we will seek a minimum among all absolutely continuous n-vector
functions z(¢) and bounded measurable k-vector functions u(t). We do not study
here the problem of existence of minimum. At least we can say, that if U is a convex
compactum, % is fixed, every solution z(t) of system (1) entirely lies in D, ¢, and
its endpoints (zo, z7), satisfying (3), (4), belong to D,, then the existence follows
from the known Filippov’s lemma [42], which, in its turn, follows from the theorem
of Alaoglu and Theorem 1.1.

Introduce the space W = AC™ x Lk [0, T] with elements w = (z, u), and equip
it with the norm ||w|| = |2(0)|+]|2||1+]||||cc. (Here and throughout the paper ||-||,
stands for the norm in the Banach space LE[0,T], and || - ||¢ stands for the norm
in the space of continuous n-vector functions C™[0, T].) One can easily see, that for
solutions of (1) the convergence of a sequence wy,, to a point we in the norm of W
is equivalent to its convergence to wq in the norm ||w||w = ||z|lc + |||/, hence
a local minimum w.r.t. the norm of W is a common weak minimum. As usual, by
a strong minimum we call a minimum w.r.t. the seminorm ||w||' = ||z||¢, the u
being free.

Now we introduce also another type of minimum, intermediate between the

weak and strong minima. Let @ = (&, @) be an admissible pair.

Definition 1.1. We say that @ is a Pontryagin minimum point in Problem A,
if for all N there exists an € > 0 such that @ is a minimum point in Problem A on
the set

lo—dllc<e lu—illh<e lu—ille <N. (")
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In other words, there can exist no sequence wpm = (Zm, tm ) such that
[Zm = 2llc =0, [lum —dlls =0, [Jum — @[l < O(1), (8)

all constraints are satisfied, and for all m  J(pm) < J(P).

Sequences that satisfy (8), we call Pontryagin sequences, converging to . The
set of all such sequences we denote by II(w). The differences dwpy, = wy, — @
are Pontryagin sequences, converging to zero; we call them Pontryagin varia-
tions. Thus, the Pontryagin minimum (briefly, the II-minimum) is the minimum
in the class of all Pontryagin sequences (or, respectively, in the class of all Pontrya-
gin variations). This type of minimum was introduced by A.Ja.Dubovitskii and
A.A Milyutin as a natural extension of minimum in the class of uniformly small
and needle-type variations of the control. The importance of this notion is that
the Pontryagin Maximum Principle (MP) is a necessary condition of the first or-
der for the Pontryagin minimum, i.e. for the minimum in the class of Pontryagin
variations. (It is said often that the MP is a necessary condition for the strong
minimum, but this assertion is weaker than the above one.) Moreover, Dubovitskii
and Milyutin showed [3], [10], that the fulfillment of MP for a trajectory is equiv-
alent to its stationarity in the class of all possible Pontryagin variations. As we

told already, the following relations for these three types of minimum are true:
weak min < Pontryagin min < strong min,

and both the ”inequalities” are strict: it is not difficult to provide corresponding
counterexamples, see e.g. [33]. In particular case, when the admissible control set
U is bounded, the IT-minimum is in fact the minimum w.r.t. the norm ||w||; =

[lz||lc + ||u||1, and we call it the Li-minimum w.r.t. the control.

The II-minimum for Problem A is, generally, rather far from the strong min-
imum (unlike the case of problems with the general control system, nonlinear in
the control, where these two types of minimum are rather close to each other; see
[6], [7]). However, note here a special case, when these two types of minimum are
equivalent: it is when U is bounded, and (¥¢) 4(¢) is an extreme point of U. (The
set of all extreme points of U is denoted by ez U.)

Proposition 1.1. Let U be an arbitrary convex compactum, and 4(t) € ex U
a.e. Suppose also that rank F(Z(t),t) = k V&, i.e. the vectors fi(Z(¢),t), & =
1,..., &k are linearly independent. Then the II -minimum is equivalent to the strong

minimum.

The proof readily follows from the next
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Lemma 1.1. Let &, 4 satisfy equation (1), zm = &, um € U, U is a conver

compactum, and 4(t) € exU a.e. Then ||um —4|l1 — 0.

The proof follows from another two lemmas.
_Xk
Lemma 1.2. Under the first four conditions of Lemma 1.1, up, wﬁ) @ (as

elements of Lo w.r.t. L1).

Proof. Since U is bounded, then due to the theorem of Alaoglu, passing if

*
) weak: u«(t). Since U is closed

and convex, u.(t) € U a.e. Let z, be the solution of system (1) for this u, with

necessary to a subsequence, one can consider iy, (¢

the initial condition #.(0) = £(0). By Theorem 1.1 =z, = 2., whence due to
the uniqueness of the limit we have z. = #, thus £ is the solution of (1) for u.
with the initial value #(0). But then, since the vectors f;(Z(¢),¢), i = 1, ...,k are

linearly independent, the value of control is uniquely determined by #(¢), and so

_Xk
u.(t) = 4(t) a.e. Thus, wﬁ) @ (for the chosen subsequence; hence, for any

subsequence of the initial sequence there is a sub-subsequence with this property,

hence it is true for the whole initial sequence).

Lemma 1.3. Let U be a conver compactum, um(t) €U, and
weak-* .

U (t)  — G(t), where (Vi) 4(t) €exU. Then ||um — 4|l — 0.

Proof. Let p(t), |p(t)] =1 V¢, be a supporting vector for U at the point 4(t),
le.

(p(1),U) < (p(2), a(t))- (9)

(Such a p(t) does exist by the measurable selection theorem [43].) Since [ p(¢)(um —
@)dt — 0, then from (9), from the extremality of #(¢) and the boundedness of U
one can show that [ |u, — @|dt — 0. To understand this effect, one may con-
sider, for example, U = {u € R?*| u? < ua}, 4 = (0,0), p(t) = (0,-1). If
[ pumdt = [ uzmdt — 0, then fuimdt — 0, whence obviously [ |uym|dt — 0 too,
ie. [(Jur,m|+|u2,m|)dt — 0, q.e.d. The general case involves a bit more technical
details, see [41].

2 Maximum Principle and singular controls

Let @ = (&, @) be a II-minimum point in Problem A. Then it satisfies the Pontryagin
Maximum Principle (MP), which says, that there exist Lagrange multipliers o =
(s +--ya,) >0, B € R and a Lipschitz n—vector function ¢ (¢) (the adjoint,
or costate variable), the collection of which we denote by A = («, 3, %), and which
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generate the terminal Lagrange function  I[A](p) = @ - ¢(p) + 8- K(p),
where ¢ = (¢o0,...,%y), and the Pontryagin function

HN (@, u, t) = [ fole, 1) + F(z,t)u] = (¢, fo(z)) + 2w, fi(z)),
such that the following conditions hold:

a) normalization condition: |a |+ |8 |=1 (here |- |is an arbitrary norm in
the finite-dimensional space),

b) complementary slackness: a;0;($) =0, ¢=1,...,v,
(in the sequel we assume, without loss of generality, that ¢;(p) =0, Vi=1,...,v,
i.e. all indices ¢ are active, and we denote I =1{0,1,....,v}),

c) adjoint, or costate equations: 9 = —H,[)], H[\] = H[\],

d) transversality conditions: +(0) =1, [A], (T) = -l [A],

e) maximality condition: for all ¢

max HIX)(8(t), u,t) = HIX(3(2), a(t). ). (10)

The set of all A = («, 3, ¥), satisfying conditions (a)—(e) for the trajectory @,
we denote by A(d), or, having in mind that the trajectory @ will be the same
throughout the paper, simply by A. Obviously, A is a finite-dimensional compact
set, and generally it may consist of more than a single point. (In particular case,
when A consists of a single point, we will write A = {-}.) We say that the trajectory
@ is stationary, or extremal, if A(#) is nonempty. The MP guarantees that if &
is a IT-minimum point in Problem A, then the set A(w¥) is nonempty, i.e. @ is an
extremal.

It is well known, however, that the MP is only a necessary, but not a suffi-
cient condition (like any other first order necessary condition for general nonconvex
problems): its fulfillment does not guarantee even a weak minimum at . Espe-
cially it is true for our Problem A . Because of this, many authors made inves-
tigations on higher order (mostly "second order”) conditions of a local minimum
(for some particular statements of Problem A) since early 1960-s; we just mention
here Kelley, Kopp, Moyer, Bryson, Robbins, Goh, Vapnyarsky, Speyer, Jacobson,
Bell, McDanell, Powers, Gabasov, Kirillova, Krener, Agrachiov, Gamkrelidze, Mi-
lyutin, Dmitruk, Knobloch, Zelikin, Gurman, Dykhta, Lamnabhi-Lagarrigue, Ste-
fani, Sarychev, and others, see [4, 12], [17] — [39], and references therein. These more
fine conditions require a more fine specification of examined extremals. There are
two essentially different classes of extremals: singular and nonsingular extremals.
The first one of them includes, as the most pronounced case, the class of totally

singular extremals.

Definition 2.1. An extremal % is called totally singular, if for any A € A(@),
and for any ¢ the Pontryagin function H[A](£(t), u,t) does not depend on u € U,
i.e. takes the same value H[A](£(t), ©(¢),t) for all u € U.
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Since H is linear in w, and U has nonempty interior, this means simply, that for
all ¢

Hu[/\](i,ﬂ,t) = 1/’(t)F(:E(t)vt) =0, (11)

or, equivalently,

($(t), fi(&(8), 1) =0 Vi=1,..k.

Remark 2.1. Perhaps, it would be more proper to say in this case, that the
constraint « € U (or the set U) is totally singular for the extremal & (rather than
the extremal @ itself is totally singular), because U does not actually enter the MP
at all.

Remark 2.2. Note that if U is totally singular, then any other U’, containing U,
is totally singular as well, and the set A(w) is one and the same for all such sets U,
and coincides with the set A(wd) for U = R*, i.e. for Problem A with unconstrained
control. However, if one takes U’ containing #(t), but not containing U, it may
happen to exist A € A(d, U’'), for which (11) fails.

If there exists at least one A € A, which does not satisfy (11), then @ is not
totally singular. The most distinct case is when there exists A € A, for which V¢
HA](£(t), u, t) attains its maximum over U only at the single point 4(¢). In this case
we call W strictly nonsingular. In the intermediate case, when b is neither totally
singular, nor strictly nonsingular, it is of a mixed type. This case practically has
not been studied in the framework of higher order conditions of a local minimum.
(Only conditions at junction times of singular and nonsingular subarcs have been
analyzed until now, see e.g. [40].) The main efforts have been spent to investigate
the two principal cases of totally singular and strictly nonsingular extremals. The
higher order conditions for these two cases turned out to be essentially different. IN
THIS PAPER WE CONSIDER ONLY THE TOTALLY SINGULAR CASE. Note that in the
classical calculus of variations (CCV) this case had not been studied, because all
considerations in CCV were made under the assumption of strong Legendre condi-
tion: —Hyy[A] > const > 0, whereas for totally singular extremals this coeflicient

is identically zero.

Now let & be a totally singular extremal. We assume that the control @(¢) is
continuous. In view of equations (11), this is rather a mild requirement, because
in a generic case 1t is possible, by differentiating these equations two times in ¢, to
express 4(t) in terms of ¥(¢) and £(¢) (see e.g. [17, 19, 20]), whence 4(¢) is in fact
Lipschitzian.

Thus, we have taken two assumptions about the examined extremal:
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Assumption 1. @ = (Z,4) is a totally singular extremal.
Assumption 2. The control #(¢) is continuous.

Now we impose an assumption on the character of contact of the control ()
with the boundary QU of the admissible control set U.

Assumption 3. U is a closed polyhedral set (may be unbounded), and there
exists a face Uy of U, such that V¢ 4(t) € reintUp. (By reint we denote the
relative interior of the convex set.)

In particular case, Up = U is allowed, which means that ¥¢ 4(¢) € int U.

If Uy is a proper face of U, then 4(t) € U, and we call it the simplest case of
boundary control.

Assumption 3 can be weakened to the following one.

Assumption 3. U = M N D, where M satisfies Assumption 3, and D is an
arbitrary convex set, such that V¢ 4(¢) € int D.

3 Quadratic order of estimation

As was sald already, having got first order conditions for a local minimum, it is
natural to move to study ”second order” conditions. But here we have to define
preciser, what will be meant by ”second order” conditions. In finite-dimensional
problems it is quite clear: they are conditions of the order |dz|?, i.e. when all
considerations are made modulo o(|6z|?). These conditions possess the following
important properties: a) both necessary and sufficient conditions withstand pertur-
bations of all data functions in the problem within o(|dz|?),

b) the sufficient condition consists of a lower bound of second variations by [dz|?,
c) if a point satisfies the necessary condition, one can make an arbitrary small per-
turbation of the data functions in the C?—norm, after which this point satisfies the
sufficient condition.

However, in infinite-dimensional problems, such as CCV and optimal control
problems, the situation is not so simple, and it is not clear a’priori, what is the
”second order”. If one undertake the straightforward generalization of the finite-
dimensional ideology, i.e. perform all considerations w.r.t. vo(dw) = ||dw||?, dw =
(0z,0u), then unfortunately one would never obtain the fulfillment of sufficient
conditions (apart from the case of Hilbert space, which is not characteristic neither
for CCV, nor for optimal control): it is well known, that a continuous quadratic
form can be bounded from below by the square of the norm only if the space is
isomorphic to a Hilbert space. The functional vy can be said to be ”too rough”

to estimate second variations in these classes of problems. (Note by the way, that
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in CCV the term ”second order conditions” was never used. In those times the
authors sald ”conditions, based on the second variation”, see e.g. [1]. Obviously,
they understood that the term ”second order conditions” is not a proper one for

problems in functional spaces.)

Thus, the question arises: what a functional should be taken instead of o (dw),
in such a way that, roughly speaking, it would preserve the abovementioned prop-
erties of 9?7 The answer depends on the class of problems being considered, and
may also depend on the type of examined trajectory. It was discovered, due to
a series of deep works by A.A.Milyutin and his scientific school [5] — [9], [31] -
[38], that for any properly defined class of extremal problems there should exist
an estimating functional y(dw), positive outside of zero (which we call an order of
estimation, or simply an order), characteristic to this class. (See precise definitions
and details in [5].) For general optimal control problems, nonlinear in the control

(e.g. for CCV), in case when #(t) is continuous, such an order is:

Yetas (61) = |52(0)] + / Gu(t)[2dt

(here and throughout the paper all integrals without limits are taken over the
whole interval [0,T]). The corresponding necessary and sufficient conditions (in
particular, those in CCV) possess the above properties a) — ¢) [5]. However, it does
not suit to our Problem A: from the very outset one can say, that, since the control
comes just linearly in the problem, the second variations in this problem will never
be bounded from below by this v.qs (dw), because they never contain the term
with Ju?.

It turns out that the proper quadratic functional of estimation for Problem A

y(6w) = | 62(0) [2 + | 3y(T) | + / | dy(t) | dt, (12)

where

dy = du, dy(0) = 0.

Note that the control variation Ju does not come as such in the quadratic order (12);
it comes only through the variation of a new state variable y, where y = u, y(0) = 0.
(This relation between y and w will be preserved throughout the paper). Here we

give conditions of this order 4.



CONDITIONS FOR SINGULAR EXTREMALS

4 The second and third variations, and the crit-
ical cone

For any A € A consider the corresponding Lagrange function
D[N (w) = U[A(p) +/((1/),fb) — H{M(z, u, 1)) dt

(recall that I[A] and H[A] were defined in the beginning of Sec.2), and consider also

the half of its second variation at w - the quadratic functional

opo) = 3"Wpp) — [ ((GHealz.2)+ @ ol @) )t (13)

Define the matrices A(t) = f5(2(¢),¢) + F'(Z(t),t)%, B(t) = F(Z(¢),t), and the
tensor R(t) = F'(Z(t),t) (by f! we denote the derivative of f; w.r.t. z) in such

a way that for x = £ 4+ dz and v = & + du equation (1) takes the form:
dz = A(t)dx + B(t)du + (R(t)dz,du) + higher order terms. (14)

Denote by K the so-called critical cone for the problem (1)-(4) with the free control.

It consists of all variations w = (Z, %) in W, such that
#'(0p <0,  K'(0)p=0, (15)

and

i = A(t)z + B(t)a. (16)

The cone of critical variations for the ”full” Problem A is KX N A, where N =
{w| u(t) € N a.e.}, and N = con(U—4(t)) = con(M —1(t)) is the local (pointwise)
tangent cone for the polyhedron M at the point 4(¢). (By con M we denote the
conical hull | J{aM |« > 0} of the set M.) Due to Assumption 3 (or 3’) N does
not depend on %.

We also introduce the cubic functional
_ 1 o _ _
() = | [—(—HW[A]x, 5,0) + (Heu N (RO, 0) | dt. (17)

It is one sixth of the third variation of Lagrange function at @ (in case when
all f;(z,t) are C®—smooth in =) on equation (1) to within o(y) on Pontryagin
sequences, see [32, 33] for details.

It is convenient to consider functionals (13) and (17) in slightly transformed
variables. Namely, there is a convenient change of variables - the so-called Goh

transformation [18, 19]: (z,u) — (£, ¥, u), where & =& — By,

? =1, Q(O) =0, (18)
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and hence

€= A(t)¢+ Bi(t)y, Bi=AB- B. (19)

This transformation is convenient because, instead of the state variable z, related
to % by a general linear system (16), there are now two state variables £, 9, such
that % does not come into equation (19) for ¢, and comes, in the simplest way, only
into equation (18) for ¥.

In these new variables, the second variation (13) takes the form:

Q(E 5, u) = g[N (o, &ry yr) + (20)
+ / ((DIN(#)E,8) + (PIA()E,4) + (QIN ()5, §) + (VA(E)g, w))dt,

where g[A] is a terminal quadratic form, Q[A](¢) is a symmetric and V[A](¢) is a
skew-symmetric Lipschitz matrices. The term (G[A]¢, %) has been taken by parts
in view of (19) and (18).

Putting in (17) & = € + By, reduce p[)\] in the new variables to the form:
p[A] = 6[\] + n[A], where

nN(E. 7, 7) = / (EN ()5 5. ), (21)

the tensor £[A] is obtained from (17) by substituting By instead of Z. It can be
easily shown (see e.g. [33]) that on any Pontryagin sequence we have 6[A] = o(7),
so the only essential term in p[A] is n[A].

The cone K in the new variables is given by equations (18), (19) and terminal
relations (15), in which one should put p = (zo = &9, Zr = ér + B1(T)yr).

At last, introduce some notations concerning the local cone N. Let Hs be the
maximal subspace in N, and H; be its complement, i.e. R* = H; @ H>. Then
N; = NN H;y is a pointed cone in the subspace Hi, and N = N; & H,. If one
consider Hy, H> to be coordinate subspaces, then any v € N can be uniquely
represented in the form w = (w1, uz), where ug € Ny, uz € Hs.

Now we are ready to formulate conditions of the order 4 for the presence of

weak and II- minima at w.

5 Conditions for a weak minimum

We begin with a general description of the quadratic order conditions. For both

weak and Pontryagin minimum these conditions are of the same form. To be precise,
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for any @ € R we define a subset M, C A, nonincreasing while a increases, and
define the corresponding functional
QM.)(w) = sup Q[A](w) (22)
AeM,
(the sup over {}, as usually, being equal to +00), and then conditions of minimality

are as follows:

necessary condition:
Q[Mol(w) > 0 Vo e KNN,
sufficient condition: 3 a > 0, such that
QM) (w) > ay(w) Yo eKNN.

The difference between conditions for a weak minimum and conditions for a II-min-
imum is only in the definition of the set M,. This set consists of all A € A, for which
the Lagrange function satisfies some special pointwise conditions. (Any pointwise
conditions we call conditions of Legendre type). For a II—minimum these pointwise
conditions are more restrictive, hence the set M, is smaller, and the corresponding
necessary and sufficient conditions are stronger.

Let us now formulate these pointwise conditions. We begin with a weak min-
imum. Here one can take as M, the entire A, but it is possible to choose a more
narrow set, thus giving more strong necessary conditions, and more simple sufficient
ones.

For any a € R denote by G¢(A) the set of all A € A, such that the corresponding
second variation Q[A] satisfies the following three conditions: V¢ € [0,T],

Vh e Hy, and Yu,v € Hy

We introduce also the set Gy (A) =] Gq(A).

a>0 - a

Remark 5.1. For the case when A = {-}, and @(t) € int U (i.e. Hy = R¥),
conditions (%) and (7) with « = 0 were obtained by B.S.Goh [18] as necessary
conditions for a weak minimum. Note that if (i) holds, the quadratic form (20)
does not contain the control u, and then, taking into account (19), the variable

y can be regarded as a new control, whence condition (%) is just the classical



12 A.V. DMITRUK

Legendre condition w.r.t. this new control y. Condition (%) is due to the author

[38].

Before the formulation of the conditions for a weak minimum, let us recall the

following

Definition 5.1. We say that the equality constraints (1) and (4) satisfy
Lyusternik condition at @ , or that they are mutually nondegenerate at w, if the
operator

g: w=(z,u)— (& — folz,t) — F(z,t)u, K(zo,21)),
mapping W to Z = L?[0,T] x RU™ K has a surjective derivative at o,

ie. g'()W =27

Theorem 5.1. i) Let @ be a weak minimum point in Problem A. If Uy # U, i.e.
4(t) € AU, suppose also that the equality constraints (1) and (4) satisfy Lyusternik

condition at . Then Go(A) is nonempty, and
Q[Go(A)](w) >0 Yo e KNN. (24)
i1) Let Go(A) be nonempty, and for some a > 0
Q[Go(M)](w) > ay(w) Vo e KNN. (25)
Then W is a strict weak minimum point in Problem A.
i11) From (25) it follows, that G4(A) is nonempty, and
QG (A)](w) > ay(w) Ywe KNN. (26)

The proof is based on a general theory of higher order conditions for a local
minimum in extremum problems with constraints [5]. For the case Uy = U, i.e.
4 € int U, it is given in [4], [31], for the case & € QU it is due to A.A.Milyutin,
see [37]. Note that the nondegeneracy of the equality constraints is required only

in the necessary conditions, and only in the case of boundary control.

Definition 5.2. We say that @ is a weak y-minimum point in Problem A, if
condition (25) or (26) is fulfilled for some a > 0.

We also give two equivalent formulations of these conditions. Recall that U

satisfies Assumption 3/. Let the polyhedron M C RF be given by the inequalities:
(as,u) +bs <0, s=1,...,8 (27)

Denote by So = So(#%) the set of all active indices s for 4(¢), i.e. such s, that the

inequality turns into equality. Again due to Assumption 3’ it does not depend
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on t. Note by the way, that the cone N = con(U — #) is given by the inequalities
(as,u) <0, s€8.

Now let us introduce the so-called violation function:

o(w) = Zsof’(p) + |K(p)|+

+/ & — f(z,t) — F(z,tyuldt+ > esssup [(a,,u(t)) + b,]*.

$€Sy

(We use the conventional notation zt = max{0,z}.)

Theorem 5.2. i) Conditions (25) and(26) are equivalent to the following
one: there exists a neighborhood of w in W, in which the violation function has the
lower bound:

o(w) > d'y(w — ), a > 0. (28)

i1) Suppose that equality constraints (1) and (4) satisfy Lyusternik condition at
. Then conditions (25) and (26) are equivalent to the following one: Ja’ > 0,
such that inequality (28) holds for any w from a neighborhood of @ in W, satisfying
equations (1) and (4) with v € U. (Note that for such w the o reduces to the first

term only).

Condition (i) is proved in the general theory [5], the proof of (i) is given in
Appendix.

Let us dwell for a moment on condition (28). It obviously implies that @ is a
strict weak minimum point, thus it is a sufficient condition for a weak minimum.
The equivalence of (25) and (26) to (28) has, at first look, rather an abstract
character. However, it turned out to be quite an effective tool of investigation.
(It will be essentially used in a forthcoming paper, devoted to application of the
general conditions to abnormal sub-Riemannian geodesics). It worth noting also,
that condition (28) has a "nonvariational” character: it does not include neither
critical variations, nor Lagrange multipliers; it includes just the functions from the
statement of Problem A as they are, not having been undergone any differentiations

or approximations.

Checking conditions (24) and (25), i.e. checking the functional Q[Go(A)](w) (the
maximum of a family of quadratic forms) for the nonnegative or positive definiteness
on K NN, is in itself rather a nontrivial problem. It is known, that for a single
quadratic form the question of its nonnegative or positive definiteness on a subspace
can be solved by means of the classical Jacobi theory, which gives an answer in terms
of the absence of conjugate (or focal) points. For a quadratic form on a cone, the

more so for a marimum of quadratic forms, this question is much more difficult,

13
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because here the Euler-Jacobi equation is no longer linear (the difference of two
solutions is not a solution). However, for this nonclassical situation there is an
analogue of Jacobi theory [14], [15], [16], which establishes the equivalence of the
positive definiteness of € to the absence of conjugate (focal) points in [0,T]. But
for the nonnegativity of Q, generally, only the one-way implication is true: Q > 0
implies that there are no conjugate points in (0,T). In the case of a single quadratic
form, being considered on a polyhedral cone (hence the local cone must be absent:
N = R, only terminal inequalities are allowed), the reverse implication is true
as well [16], and so the Jacobi theory for this case is in a sense complete. In the

general case there are counterexamples to this reverse implication [14], [15].

6 Sufficient conditions for small time intervals

There is an important case, when the above question of checking the quadratic
functional for the positive definiteness has a simple solution. It is the case when the
length of time interval is small enough. Recall that in CCV the positive definiteness
of a quadratic functional on small time intervals is guaranteed by the strengthened
Legendre condition, provided that at least one of the endpoints in the initial problem
is fixed, i.e. one of the endpoint variations equals to zero (2(0) = 0 or Z(T) =0 ).
A similar fact holds true for a quadratic functional of the form (20) on an arbitrary

cone K, contained in the subspace given by equations (19), (18).

6.1 A general theorem

For any interval A = [to,t1] C [0,T] let us consider a quadratic functional of the
type

Qé 9, a) = g(€o, &1, 91) + (29)
+ /A (DOE.E) + (PHE D) + (Q1)7.9) + (V(+)7, w)) d.

where g is a terminal quadratic form, and matrices D, P,Q,V are defined and
uniformly bounded on [0, T]. We also consider the subspace La, consisting of all
w = (£, y,u) satisfying (19) and (18) a.e. on A, and the cone N = {w | u(t) €
N a.e.on A}.

Theorem 6.1. Suppose that 3 C, §o > 0 such that VA, |A] < &, the following

estimates hold on La:

lEllee < Cllglls,  l5(t2)] < Cllglla, (30)

and let N = N1 @ Hs, where N1 is a pointed cone in a subspace Hy, and Hy ® Hs =
R*. Suppose further that quadratic form (29) satisfies on [0,T] the above three
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conditions (23) with a > 0. Then there exists § > 0, depending on the numbers
C, do, a, and on the coefficients of Q, such that if A C [0,T] and |A| <4, then

Q@) > %fy(u’;) Vb € LANN A

This theorem in fact claims, that under conditions (23) with a > 0, for all small

enough A, the main term in Q is  [(Q2292, y2)dt.

Proof. (We omit the bars over the variables.) Take u = (ug,u3), w1 € Hy, uz €
H; on Ay and y = (y1,¥2), ¥ = u, y(to) = 0. Like in the classical situation,
we will evaluate all the terms in 2, taking into account that A is small. Recall the

known estimate for the functions on an interval A with |A] <4 :
llylls < V3 - [lyll2. (31)

Denote v1(y) = [, yidt, va(y) = N y3dt, and let us compare y2(y) with our
77fu1177

y(w) = [ £(to) [P + | ulta) P + /A (4 + 2)dt,

when w = (€,y,u) € La. Since Ny is a pointed cone, and § = u € N1, y(to) = 0,

then y; 1s monotone nondecreasing w.r.t. N1, hence for some constant b

ly1lloo < Dlya(ta)], (32)
and due to (30), (31)
llsallee < BCyllx < BCVE|[y]l2,

therefore v1(y) < d||y1l|% < b2C362||y||13 = (b2C?3%)(y1 +¥2), which yields that
for ¢ small enough 1 (y) < 2(b>C?5%)v2(y).
From here, (30) and (31) it follows that y(y) is of the same order as yz(y);

moreover, for § > 0 small enough

1) <) < () (33)

With (30) and (31) this gives
[1€lc < const - VEy/72(y), |y(t1)] < const - V3y/72(y), (34)

whence the outside term in € is < const-d - ya(y).

From (34) it follows also that the integrand terms in €, containing £, have the
same estimate. Due to (32) and (34) we get ||y1]|co < const-v/3+/y2(y), whence the
integrand terms, containing (y1,y1) and (y1,y2), are < const-d - y2(y) too. Recall,
that due to (23) we have
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/A(szy%yz) dt > a-v2(y)- (35)

Thus, it remains to evaluate only the integrand term (Vi1y1, u1). Since ug € Ny,
and N; is a pointed cone, there exists a vector I € R*', such that |ui| < const
(I,u1) Vwui € Ny (actually, here one may take any ! € int Nf). Then

/|<Vny1,ul>|dts/ |v11|-|y1|-|ul|dtSconst-||V||oo-||y1||oo-/<z,ul>dts
A A A

< const - [[yaloc - (I ya(t1)) < const - |y (t1)]?

(the last inequality is due to (32)), and taking into account (34), we continue <
const-d - y2(y).

Thus, @ = [(Q22y2,y2)dt + p(&, y, u), where |p| < const-d-y2(y).
If § is small enough, then |u|< %ay2(y), and in view of (33) and (35):

3 32 a
Q> Za’h(@/) > ang(@/) > 5’7(3/)7 q.e.d.

6.2 A special case

Consider here an important special case, in which the above assumptions about €2
and estimates (30) do hold. Let system (1) be of the form:

:'B:zfo(:v)—l—z:uifi(:c), 2=0, (36)

where z € R" and z € R! are the state variables, D, .; = D, x R x [0,T],
the vectors f;(z), ¢ = 0,1,...,k are C*-smooth and linearly independent at any
point z € D,. Take a trajectory @ = (Z(¢), 2=1, 4 =0), t € [0,7], and for
any A = [to,t1] C [0,7] let us consider the Problem Aa, associated with this
trajectory, with the terminal constraints z(to) = £(¢0), z(t1) = £(¢1), with z(¢o)
and z(t1) being free, the control v being free too, and with the cost functional

J = z(to) —> min.  Begin with a simple

Proposition 6.1. If W satisfies MP in Problem Ao 1), then it satisfies MP in
Problem Aa for any A C [0,T].

Proof. The MP for Problem Aa means that there exists a nonzero n-vector
function #,(¢) (the costate variable, corresponding to ), such that for H =

Ya(zfo(x) + X uifi(z)) the following relations hold on A along w(t):

1/;x = —-H,, H, =0, H = const > 0.
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(The costate variable ., corresponding to z, is a scalar linear function with
$.(t1) = 0 and ¢, = —H, so it is determined by tg.) If such 1, exists for
[0, T, it obviously fits for any A C [0, 7.

Since there are no inequality constraints in our problem, the critical cone here
is, in fact, the subspace La, consisting of all w = (%, z, ), satisfying the linear
equations:

2= zfo(8) + fo(&)2+ ) uifi(d), (37)

E=¢+ Z?ifi(fi%
g‘i = Ui, gz(tO) = 07 1= 17 seey ka (38)
we get instead of (37):
E=zfo+ fof+ Y uilfo, i, &(to) =0 (39)

(here [f,¢9] = f'g — ¢'f are Lie brackets), and the terminal equality Z(¢1) = 0

becomes:
E(t) + D it fil#(t)) = 0, (40)

so that now we may consider La as the set of all (2,¢,y,u), satisfying (39), (40)
and (38). Since the vectors f;(£(¢)) are linearly independent, and continuous in ¢,

there exists a number Cy (independent of ¢1), such that (40) implies
|5(t1)] < Co [é(ta)] - (41)

Besides, (39) obviously implies that for some C; (independent of A)

€l < €1 (121 a1+ [ 1old). (42)

Let us show that 3 C'5, such that

1
2| < Car|lglly on La. 43
N (43)

In order to do this, consider the space Wa = R x L¥(A) x RF with elements

w = (Z,9, h), and consider the subspace Ma C Wa, defined by the equality

€t + 3 hefit) =0, (44)
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where ¢ is the solution to (39) for z,y, and for brevity we write f,(t) = fi(2(2)).
There is a natural injection Lo — Ma, (z,&,9,4) —> (2,9, h) (we just ignore
relations (38) and put h = y(t1)), so that Ma can be considered as an extension
of £a. We will show that estimate (43) holds on Ma.

First we establish the following abstract fact.

Lemma 6.1. Let Y and H be Banach spaces, W = RxY x H, and M be a
subspace in W. Suppose that Ip > 0 such that for any y €Y, |ly|| < p, for any
h € H the point (1,y,h) ¢ M. Then Yw = (z,y,h) e M |z]| < %||y||

Proof. Take any w = (z,y,h) € M. If z = 0, the desired estimate is fulfilled
trivially. If z # 0, then w’ = (1,y/z,h/z) € M, and hence ||y/z|| > p (otherwise
w' ¢ M), which gives plz| <||ly||, q.e.d.

Let us return to our space Wa. Here Y = Yo = L¥(A), H = R*, and M is
the above Ma. In the space Yo we will consider the norm ||y|| = ﬁ”y”l, and
we have to check the premise of Lemma 6.1.

First, we show that Vh the vector w = (z = 1, y = 0, h) ¢ Ma. To prove
this, we have only to check that (44) does not hold. Note that for z =1, y =0
equation (39) reads: 5: fo+ fo¢, €(to) = 0, and it has the explicit solution
E(t) = (t — to)fo(£(t)) (this was noticed by A.A.Milyutin), hence its terminal
value on A is &(t1) = (t1 — to)fo(#(t1)). Since fi(t), i =0,1,...,k are linearly
independent V¢ € [0, T], then for any h € RF

k

A fo(t) Z hifi(t1) # (45)

and so w = (1,0, h) & Ma.

Now let us check this condition for small nonzero y-s.

Lemma 6.2. dp > 0 such that YA, for any y € Ya, ||y|| < p, for any
h € R*, the point w = (1,9, h) & Ma.

Proof. Denote L(¢) = Lin {ﬁ(t), t=1,...,k}. (We write Lin for the linear
hull of the set.) Equality (44) means that £(t;) € L(t1), and we have to show
that this is not so. Since the vectors ﬁ(t), 1 =0,1,...,k are linearly independent
vt € [0,T] and continuous, Je >0 such that

Vi e[0,T]  B.(fo(t))NL(t) = 0. (46)

Given this e, 3p > 0, such that VA, if ||y||1 < |A|- p, then for £(¢1), correspond-

ing to z = 1 and this y, we have

E(ts) A1 fftn)] < const- [ fgldr < const - |A]-p < |A| =
A
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le. g(tl) € Bja|(|A] - fo(tl)) = |A]- Be(fo(tl)). In view of (46), for any A and
any y € Ya, such that ||g|| = ﬁll@?lll < p, we have £(t1) ¢ L(t1), and hence
Yh € RF the point w = (1,y, h) ¢ Ma. Lemma 6.2 is proved.

Thus, the premise of Lemma 6.1 is fulfilled with a p > 0 independent of A.

By this Lemma we get the desired estimate

1 .
|Z|§CZE||§||1 on Ma D LA with Cg:]./p.
Finally, (42) and (43) give [|¢]|c < const ||y||1, and in view of (41) we get
|7(t1)] < const||y||s on La, thus estimates (30) hold, and so Theorem 6.1 applies

to the considered special case.

Remark 6.1. Estimates (30) are fulfilled also for the critical subspace, corre-

sponding to the system

&=z (fo(:c) + Zuifi(:v)) : 2=0, (47)

at the same reference trajectory @ = (Z(t), £ =1, & = 0), because its linearization
has the same form (37) (the difference between systems (36) and (47) is only in
their Q-s).

7 Conditions for a [I-minimum

Let us now pass to conditions for a II—minimum. As was said already, they differ
from the conditions for a weak minimum by an additional pointwise condition. (Re-
call that we regard any pointwise condition as a condition of Legendre type.) This
new condition of Legendre type involves the third variation of Lagrange function,
or, more precisely, the cubic functional (17), and also the admissible control set
U. Recall that we denote by Uy the minimal face of U, containing #(t), and that
due to Assumption 3’ this face is the same for all ¢. For any A € A and any fixed
t. € [0, T] define the functional

LA 1) = / (QIN(t)5:5) + (EN (). 5, ), (48)

which is to be considered for all absolutely continuous functions %(7) on [0, 1], such
that ¢(0) = (1) = 0 (we will call such functions cycles). Here Q[A] is the matrix
from the second variation (20) of Lagrange function, and &[A] is the tensor from
the third variation (21), both frozen at the point ¢..
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Definition 7.1. We say that A satisfies the II—Legendre condition with a

parameter a € R, if for every t., and every cycle 4(r), such that
y(r) =u(r) €U —i(t.), (49)

the following inequality holds:

LA )@) > a / (5. 7) dr. (50)

(Relation (49) means that the control set is also frozen at the point ¢,.)
Denote by E4(A) the set of all A € G4(A) satisfying this condition.

Theorem 7.1. i) Let @ be a I-minimum point in Problem A. If Uy # U, i.e.
4(t) € OU, suppose also that the equality constraints (1) and (4) satisfy Lyusternik

condition at . Then Eo(A) is nonempty, and
Q[Eo(A)](w) >0 Vo e KNN. (51)
it) Let for some a > 0 the set Eq(A) be nonempty, and
QE,(A)](w) > ay(w) Vo e KNN. (52)
Then W is a strict II-minimum point in Problem A.

The proof again is based on the general theory [5]. For the case Uy = U, i.e.
4 € int U, it is given in [33], [34] (see also [39]);  for the case & € U it is given
in [37].

Consider inequality (52). Theorem 6.1 readily implies the following property

for small intervals.

Lemma 7.1. Consider Q[A] and n[A] on any interval A C [0,T], and suppose
that for all small enough A estimates (30) hold. If for some a > 0 the set Eq(A)
is nonempty, then for all small enough A inequality (52) is fulfilled with «/2.

Proof. If Ao € E4(A), then by definition Ao € Gq(A), ie. (23) is
fulfilled with this @ > 0. By Theorem 6.1 for all small enough A we have
Qo](w) > $v(w) Yw € KaNNa, and since Eg/(A) D E (A) 3 Ao,
we get Q[E,/2(A)](w) > QAo](w) > §y(w) Yw e Kan Na, qed.

For large intervals, as was said already, in order to check (52) one should use a
theory of Jacobi type (see e.g. [15, 16]).

Definition 7.2. We say that % is a II —y-minimum point in Problem A, if
condition (52) is fulfilled for some a > 0.
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As before, we give two equivalent formulations of this condition. Denote by
II(U, %) the set of all Pontryagin sequences, converging to @, such that
ess sup dist (u(t),U) — 0.

Theorem 7.2. i) Condition (52) with a > 0 is equivalent to the following
one: there exists a’ > 0, such that for any sequence {wy} € II(U, ), for all large

enough m, the violation function has the lower bound:
o (W) > d'y(w0m — ) (53)

it) Suppose that equality constraints (1) and (4) satisfy Lyusternik condition
at . Then condition (52) with a > 0 is equivalent to the following one: there
exists a' > 0, such that if {wn} is a Pontryagin sequence, converging to 1w, and
satisfying equations (1) and (4) with uym € U, then inequality (53) holds for all
large enough m. (Note that for such wy, the o reduces to the first term only.)

Assertion (i) is proved in the general theory [5], the proof of (%) is given in
Appendix. Before going further, let us make some remarks about the II—Legendre
condition (50).

Remark 7.1. From (49) and (0) = (1) = 0 it follows obviously that actually
u(r) € Up — a(t.) C Haz, and 41 = 1 = 0, hence, for every cycle ¢ only the second
component y» may be nonzero. Therefore, we can put in (49) u(r) € Uy — 4(t.),
and so condition (50) in fact concerns the minimal face Uy of U, containing (¢, )

(and hence containing all 4(¢) ).

Remark 7.2. Condition (50) is invariant w.r.t. the interval of integration:
taking /(1) = u(s7), ¥’ (1) = y(s7)/s, by an easy calculation we get the same

inequality (50) for interval [0,1/s], so we may choose to consider [0, 1].

Remark 7.3. Condition (50), though being seemingly of an integral form,

has a pointwise character, i.e. it can be verified at each point ¢, separately.

To verify condition (50), one have in fact to solve an auxiliary extremal problem:
to find the maximal a, for which this inequality holds true for any cycle satisfying
(49). This is rather an unusual and difficult problem. At present we can solve this
problem completely for three cases of the control set U: a) the whole space, b) an
arbitrary stripe of codimension 1, c¢) an arbitrary ellipse in the plane (see [12, 38]).

For a general case some theoretical results are obtained in [13].

Here, in view of our further purposes, we consider only the most simple case

(a), in which « is unconstrained. Define the differential 1-form

WA () = (EN(E)ys ys dy) = Y Eije [N (t-)y' v/ dy”. (54)

ijs
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Theorem 7.3 [32, 33]. Condition (50) holds for a given a iff Q[\|(ts) > a

(Goh condition for a weak minimum), and w[A](t.) is closed, i.e.

dwN(t) = €N () (Y dy’ + v/ dy’) Ady® =0, (55)

ijs

the differential is taken w.r.t. y, and M\, t, are just parameters.

Thus, in this case condition (50) decomposes onto conditions concerning the
quadratic and cubic parts separately, the last being an additional optimality con-

dition (55) of equality type.

Similar conditions take place in the case when U = U; & H, R"™ = H1 ® H>,
and U; is a polyhedron in Hy, having @1 (¢) = @1 as a vertex. (Here the above face
Up = H;. ) In view of Remark 7.1, condition (50) here concerns only the cycles
lying in Ha, hence (50) means that on the subspace Hz both Q[A](¢t.) > a and
(55) must hold.

Note also that in this case the following property holds [31, 15].

Theorem 7.4. Suppose that Eo(A) is nonempty, and for some a > 0
Q[Eo(A)](w) > ay(w) VYweKnNAN.
Then Eq(A) is nonempty (with the same a), and still
QIE,(AN))(w) > ay(w) YweKnNAN.

The reverse implication holds trivially due to inclusion E, C Ey. In the general

case, when the face Uj is not a subspace, Theorem 7.4 fails to hold.

Let us now consider another case, when the minimal face Uy is ”small”, and
establish a relation between conditions Q[A](t«) > « and (50) in this case. As
before, we have R™ = Hy; & H;, H; =Lin (Up — 4(t)), N =con(U — 4(t)) =
Ni@Hs, Ni=NNH; .

Lemma 7.2. (i) Let for t. condition (50) holds. Then Q[A](t<) > a on H.

(i) Suppose that Q[N|(t<) > a on Ha. Then Vd' < a 3§ >0, such that if
Uy is contained in the d-neighbourhood of 4(t.), then (50) is fulfilled with o'. The
number § depends only on |a —a'| and ||E[N](t+)]].

Proof. Assertion (i) follows from the fact that one can take as a cycle a function
y(7) passing with a constant velocity along an arbitrary vector v € Hy and back

to zero. Omn such a cycle any point y is passed forward and back with the same
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velocity, hence the cubic term in (48) obviously vanishes, and the quadratic term
reduces to (Q[A](t«)v,v), which should be > a(v,v).

Assertion (%) follows from the simple estimate:

/ (EN(E)7: 5 D) dr < [[EN(E]] - [l o / (4, 9)dr.

If ||t]|oo < 4, and d||€|| < |a—a|, then the cubic term, being added to the quadratic
term, can worsen the constant a not lower than to a’.

Assertion (%) means, that the smaller in size is the face Uy containing #(t), the
smaller contribution in L[A] gives the cubic term. If Q[A](¢<) > @ > 0 on Hs,
and the face Uy is small enough in size, then (50) is also fulfilled, perhaps with a
smaller, still positive a’. Note that here the size of the entire U does not matter, it
may be arbitrarily large, only the size of the face Uy is important. This observation

will be used in the next section.

8 Sufficient conditions for a strong minimum in
case of a strictly convex set U

Let us now consider the case, when the control set U in Problem A is a strictly
convex compactum with a smooth boundary 9U, and 4(t) =% € U on [0, T].

Since in this case U = ex U, then, supposing also that V¢ rank F(£(t),t) = k,
by Proposition 1.1 we have that the II-minimum implies here the strong minimum
(the reverse implication always holds trivially), and so any sufficient conditions for
the II-minimum are at the same time sufficient conditions for the strong minimum.
In view of this property, we are interested to obtain sufficient conditions for the

II-minimum in this case.

Remark 8.1. All considerations in this section are in fact valid for a more
general case, when U is a convex compact set (not necessarily strictly convex),
@(t) = 4 € OU, there is a unique outward normal n € R* for U at 4, and
Argmax (n,U) = {4}, i.e. 4 is a unique maximum point of the linear functional 7
on U. For example, if the set U is given by the inequality ¢(u) < 1, where ¢
is a smooth strictly convex sublinear functional, these assumptions obviously are

fulfilled for any 4 € oU.

Let us try to apply the abovestated theory to this case. Formally, this case
does not fit in this theory, because U does not satisfy Assumption 3’ (it is not a
polyhedron in a vicinity of &). However, this theory applies, if we take the following

approach. Since we are interested in sufficient conditions, then instead of U we
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may consider any polyhedron U’ containing U, and obtain sufficient conditions for
Problem A with the control set U’ : obviously, these conditions will be as well
sufficient for Problem A with the set U. What is important is that the choice of
the polyhedron U’ is in our disposal.

Let us fix any € > 0, and take as U’ an arbitrary polyhedron containing U, such
that & € 9U’, and the corresponding face U) (containing %) has diameter < e.
Due to the smoothness of U, dim Uj = k — 1, @ € reint U}, and the affine hull
AffU{ is a (unique) tangent hyperplane for U at .

Remark 8.2. There are plenty of ways to construct such a polyhedron. Here
we point out two of them.

1) Take any § > 0, and pick a finite d-net ©® C OU containing @ as an element.
For each u € © take any support hyperplane for U at u, and consider the corre-
sponding closed halfspace P(u) containing U. Then U’ = () coP(u) satisfies the
above requirements with some ¢(§) tending to zero as 6 — 0.

2) Let P be an arbitrary polyhedron containing U, such that & € 9P, let n be
the outward normal to U (and then to P) at 4, and L be the tangent hyperplane
at 4. Choose an arbitrary polyhedral norm in R, and for any € > 0 denote by
B, (%) the e-ball around .

Given an ¢ > 0, denote by K, § > 0 the cone generated by B. (%) N L with
vertex at &4+4d7. Since LNU = {4}, then Ks D U for some d > 0. (The existence
of such § > 0 is obvious for any 2-dimensional cutset of U containing 7, and then,
by virtue of the arguments of compactness, for the entire U.)

Take, for the certainty, § be the maximal of those J-s, and denote it by d(¢).
Then the set U’ = P N Kj() will do. (For small € > 0, its face containing 4, is
U} = B.(4) N L, which diameter is < ¢.)

Chosen any method of constructing the polyhedron U’, we will consider that
Ve > 0 we have a polyhedron U, with the above properties. Note that generally
NesoU: # U (e.g. in the above second method), and in fact we do not need that U,
would be close to U; we only need that the size of the face UY in U, (corresponding
to the normal 1) would tend to zero. We do not provide here pictures, since the
reader can easily draw them himself.

Problem A with the control set U. (instead of U) will be denoted by Problem
A.. We want to obtain sufficient conditions for II-minimum in Problem A.. But
now, since U, is a polyhedron, we can use the above theory, and formulate sufficient
conditions for II—v-minimum in Problem A.. In order to do this, we need to inspect
all objects of this theory for Problem A..

As was noted in Remark 2.2 (and it is very important for us), due to the
singularity of <@, the set A(d) (and hence the families Q[A] and p[A]) do not depend
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on the choice of the control set Uy, since the last contains the initial set U. Besides,
for all U, the tangent (at @) cone N is one and the same: N = {u | (n,u) <0},
where 7 is the outward normal to U at @& (which is assumed to be unique), the
maximal subspace in N is Hy = {# | (n,u) = 0}, its complement H; = Ry, and
N1 =-—-Rin.

All this implies, that Ya € R the set G4(A) is one and the same for all
Problems A., ¢ > 0. It consists of all A € A, such that quadratic form Q[A]
satisfies conditions:

i) VIAI(#) =0 (56)

(here both conditions (7) and (7)) of (23) are taken into account, as well as the fact
that dim H; = 1), and
i) Q[A(t) >a on Ha. (57)

As to the set E4(A), involving in its definition the face of U, containing ,
here the situation is as follows. Denote this set for Problem A. by E.(A,U.).
Let us fix an a > 0, and take a A € G4(A). Due to Lemma 7.2, Tg > 0,
such that A € E,/5(A,Uc) for all € < 9. The number e depends only on a and
[IE[A](#)||oo- Since the tensor E[A](¢) is linear in A, and the set A is bounded, then
max {||E[A]||scs A € A} is a finite number, hence we can consider that ¢ depends

only on a, and does not depend on A.

Thus, Ve <eo(a) we have: if A € G4(A), then A € E, /(A Ue), ie.

Gu(A) C Eupa(A,UL). (58)

The critical cone £ for all Problems A. with the free control (i.e. without
taking into account the constraint « € U.) is one and the same by its definition,
because all these problems differ only in the sets U,.

All this obviously implies, that if the inequality

QCo(N)](@) > ay(®) Yo eKNN (59)

holds, then the inequality

QE, /(A U)|(w) > ay(w) Vi€ KON (60)

holds too (and the more so the last one holds, if in its right hand side avy is replaced
by av/2). Recall now, that by Theorem 5.1 inequality (59) is a sufficient condition
for the weak y-minimum in Problem A., and by Theorem 7.1 inequality (60) is a
sufficient condition for II — y-minimum in Problem A.. Thus, we have got the

following chain of implications:

25
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weak y—minimum in Problem A, —> II — y—minimum in Problem A, —
strict II—minimum in Problem A, —
(due to inclusion U, D U ) strict II—minimum in Problem A —

(due to Proposition 1.1) strict strong minimum in Problem A.

Finally, in order to complete the picture, we add one more step. Consider the
halfspace U, = {u | (n,u) < (n,@)} containing U, bounded by the tangent
hyperplane to U at @%. Problem A with U, we denote by A,. Obviously, for this
problem the local cone is still the same as for Problems A. (i.e. N). Therefore,
Gq(A,UL) = G4(A) for all a, whence the weak y—minimum in Problem A, simply
coincides with the weak y—minimumin any Problem A_, € > 0. Note by the way,
that on the level of weak minimum not only ~y—sufficient conditions in all these
problems coincide: in fact, the problems themselves do not differ one from another,
because in a neighborhood of % (depending on €) the sets U, and U, simply coincide.

These arguments and the above chain of implications yield the following suffi-

cient conditions for the strong minimum in Problem A.

Theorem 8.1. Suppose that W satisfies ~vy—sufficient conditions for the weak

minimum in Problem A, i.e. the set Go(A) is nonempty, and for some a > 0
Q[Go(A)](w) > ay(w) Ywe KNN. (61)

Then W is a strict strong minimum point in the initial Problem A.
Moreover, for some e,C > 0, on the set ||z — || < &, forall w= (z,u), u €

U, satisfying equation (1), the following inequality holds:

Zsof’(p) + K (p)| > Cy(w — ).

Proof. By Theorem 5.1 inequality (61) is equivalent to (26) = (59), and, as was
shown, this implies (60) for some ¢ > 0, which means that & is a II —y-minimum
point in Problem A., and which is a sufficient condition for the strict IT-minimum
in Problem A., and hence for the strict II-minimum in Problem A. In our case
the last is equivalent to the strict strong minimum, so the first assertion is proved.

Now let us pass to the second assertion. Due to Theorem 7.2, from (60) it follows
that 3C > 0, such that for any sequence wy = (Zm, tm), tUm € U, satisfying (1)
and such that

l|zm — 2||oc = 0, l[tm — 4]l — 0, (62)

we have

o(wm) = Z@f’(?m) + K (pm)| > C - y(wm — B). (63)
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Due to Lemma 1.1, the first condition in (62) implies (for our U, and & € dU) the
second one, so the last one can be omitted. Then the resulting assertion obviously

implies (in fact is equivalent to) the required second assertion of the theorem.

From here and Theorem 6.1 we obtain the following theorem for small time
intervals. Consider a special case of Problem A as in Sec. 6.2, for system (47) with
the constraint v € U, and with the cost J = z(¢g) = min. (This corresponds to
the problem of time-optimality for system (47) with z = 1.)

Theorem 8.2.  Suppose that 35y > 0, such that VA, |A| < &, the set
G (A(AL(A)) is nonempty, i.e. there exists a costate function (t), satisfying on
A the costate equation and conditions (56) and (57) with an a > 0. Then there
exists §1 > 0, such that YA, |A| < &1 trajectory da is a strict weak minimum point

in Problem A.(A), and a strict global minimum point in Problem Aa.

Note that here we do not require that the set G4 (A(A«[0,T])) should be
nonempty, or even that the Lagrange set A(A.[0,T]) itself should be nonempty.

In the proof we will need the following three lemmas.

Lemma 8.1. Suppose that Jdo > 0, such that VAg C [0,T], |Ao| <
do, 36 >0, such that if A C Ao, |A| < 6, then some Property P(A) holds.
Then 361 >0 such that if A C[0,T] and |A]| < d1, then P(A) holds.

The proof follows from simple arguments of compactness.

Lemma 8.2. Suppose for some Ag C [0,T] the b is a strict strong minimum
point in Problem Aa,. Then 34, ¢ > 0, such that if A C Ao, |A| < 6, a point

w = (z,x,u) is admissible in Problem Aa, and |z —1| <e, then z> 1.

Proof. The strict strong minimum in Problem Aa, means that 3¢g > 0, such
that if w = (2, #, u) is admissible in Problem Aa,, and |z—1| < €9, ||z —2#|]x < €0
on Ag, then z> 1.

Consider the operator Lo (Ag) X L1(Ag) = C(Ao), mapping (z,u) — =
according to system (47) with the fixed value z = £ at the left end of Ag. Since
this operator is continuous at (£ = 1, 4 = 0), and maps it to &, Je; > 0, such
that if ||z(2) — 1]|eo < €1, ||u]|l1 < €1, then ||z — &||lec < €0 on Ag. Take this
€1 < g0. We claim that the following Property F holds:

deg > 0, such that if (2(t),z,u) satisfies (47) on Ao with weU, z=4% at
dAg, 1—e3<2z(t) <1, and ||ull1 < ez, then there exists a triple (z',z',u'),
admissible in Problem Aa,, such that 1—e0 <2z <1, and ||z’ — Z||e < €0-
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Indeed, let us reparametrize the given z,u, putting

1 1
z(t)dt, and dr=—z(t)dt,

q: —_—
|A0| Ag q

and define 2z’ = ¢, z'(r) = z(t(r)), «(7) = w(t(r)). Obviously, the new triple
(z',2',u") still satisfies (47), and since 2z’ is constant, this triple is admissible in
Problem Aa,; besides, since z’ is the mean value of z(¢), we have 1—e; <2’ <1.
If e; is small enough, then |2' — 1| < &1 <o, and ||v||1 < €1, and hence, due to
the continuity of the above operator, ||z’ — £|| < €0. Property F is proved.

Now, since U is bounded, 3d; > 0, such that if |A]| < 3, then ||u||; < e2.
We claim that for these d5 and £5 the assertion of Lemma holds.

Take any A C Ag, |A| < J3, and let a point w = (z,z,u) be admissible in
Problem An with |z — 1| < e2. We have to show that z > 1. Suppose that
z < 1. By the definition of é2 we have ||u||1 < €2. Expand z(¢) on the entire
Ao, putting z = £ outside of A (this is possible, because z = # at both ends of
A), and expand u(t), putting u = 0 outside of A, and define z(¢t) = z on A
and z(t) =1 outside of A. The triple (z(¢),z(t), u(t)) satisfies the conditions of
Property F, and hence there exists a triple (2',2’,4’), admissible in Problem Ax,,
such that 1 —e9 <2’ <1, ||#' — #||loc < &0 and 2z’ < 1. But this contradicts
the strict strong minimum at % in Problem Aa,, and hence z > 1. Lemma 8.2

is proved.

Lemma 8.3. Suppose that for some Ag C [0,T] the @ is a strict strong
minimum point in Problem Aa,. Then 38§ > 0, such that if A C Ao, |A| < 4, then

W is a strict global minimum point in Problem Aa,.

Proof. By Lemma 8.2 we have the following Property B: 36, € > 0, such that
if AC Ao, |A] <94, apoint w= (z,z,u) is admissible in Problem Aa, and
|z —1| <&  then z > 1. Fix this § > 0, and let us show that we can get
rid of the requirement |z — 1| < &, l.e. that the following Property C holds: if
|A] < 4, and the point w = (z,z,u) is admissible in Problem Aa, then z > 1.

Indeed, if it is not true, then JA, |A| <4, and w = (z,%,u), admissible in
Problem Aa, such that z < 1. Taking a linear change of time: dr = z - dt,
we get z’(7) on an interval A’, with |A'| =2z -|A| < J, satisfying equation (47)
with z = 1, which contradicts Property B. Thus, Property C is proved, and it is
just the strict global minimum in Problem Aa for any A C [0,7] with |A| <4,
q.e.d.

Proof of Theorem 8.2. Take any Ao C [0,T], |Ao| < dp, and a A €
G+ (A(AL(Ap))). By definition A satisfies conditions (56) and (57) on A with
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some a = a(Ag) > 0. Due to Theorem 6.1, 3§ > 0 such that if A C Ap, and
|A] <4, then
QN (@) > gy(w) Vi € LanNa,

~

ie. @ is a weak y-minimum point in Problem A,(A). By Theorem 8.1 % is
a strict strong minimum point in Problem Aa. From here by Lemma 8.1 we get
that 363 > 0, such that if A C [0,7] and |A| < &1, then @ is a strict
strong minimum point in Problem Aa. For this §; we have by Lemma 8.3, that
VA CI0,T], |A] <41, 3§ >0 such that if A’ C A and |A'| < 4§, then @ isa
strict global minimum point in Problem Aas. Using again Lemma 8.1, we obtain
that 35 > 0, such that if A C [0,T] and |A| < J3, then @ is a strict global

minimum point in Problem Aa. Theorem 8.2 is proved.
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APPENDIX

Here we prove assertions (%) of Theorems 5.2 and 7.2. Begin with some known
abstract facts. In a Banach space X consider a system of linear equalities and
inequalities:

D;(x) <0, t€l, Guz=0, (64)

where Vi ®; is a sublinear functional, such that the set ®;(z) < 0 is nonempty,
and G is a linear operator from X onto a Banach space Y. In [2] A.Ja.Dubovitskii

and A.A.Milyutin proved that the system with strict inequalities
®;(z) <0, iel, Gz=0,

has no solution if and only if there exist «; > 0, 27 € 9®;, ¢t € I, and y* €7,
such that Y a; + [[y*]| =1, and

Zai:v;‘ +y*G=0. (65)

(Here 0®; is the subdifferential in the sense of convex analysis.) We denote by
A the set of all tuples A = ({(ay, 27), 4 € I}, y*), satistying these conditions.
Suppose that A is nonempty.

29
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Definition. We say that an index o (or the constraint &; (z) < 0) is
singular in system (64), if YA € A the multiplier a;, = 0. Otherwise we say that

1o 18 nonsingular.

The following relation between this "dual” and a ”primal” characterizations of

singular constraints holds.

Lemma Al. a) Suppose that Iz satisfying (64), such that ®;,(z) < 0. Then
the index ig s singular.

b) Let Iy be the set of all singular indices, and suppose that Yj & I the
functional ®; is linear. Then Tz satisfying (64), such that Vi€ lo &;(z) <O0.

Proof. a) Suppose that ig is nonsingular, i.e. I € A with a;, > 0. From
z} € 0®; wehave (zf,z) < ®;(z) <0 Vi, and <0 for 49, whence this z violates

equation (65), a contradiction.

b) Denote by Iy = I \ Iy the set of all nonsingular indices, and suppose there is
no such z, ie. the cones K; = {z | ®i(x) <0}, i € Iy, and C = {z | ¢;(z) <
0, Vje I, Ge =0} do not intersect. By the Dubovitskii-Milyutin theorem [2]
there exists a nontrivial collection of p; € K} and ¢ € C*, such that ) p;+¢q = 0.

For each 4 € Iy, since the set ®;(z) < 0 is nonempty, we have p; = —a;z],
where «; > 0 and z} € 9®;. The collection of ¢; is nontrivial, because otherwise
all p; = 0, and then also ¢ = 0, a contradiction. Now, since for each 7 € I
we assume @;(z) = (l;,z), where [; € X*, then by the Farkas lemma ¢ =
—> a;l; —y*G, where aj > 0 and y* € Y. Summarizing these expressions for

p; and g, we get
Zaiibr + Zajlj +y°G =0.
I I

The collection (e, oj, y*), properly normalized, belongs to A, and since
ZID o; > 0, there is an 49 € Ip, such that «;, > 0. This contradicts the

singularity of ¢9. Lemma Al is proved.

Let us return to our Problem A in the space W. First we note that for some
€ >0, Vt, in the e-neighborhood of @(¢) the set U coincides with the polyhedron
M, given by inequalities (27), and hence, for some (may be smaller) ¢ > 0, V¢,
in the ball B.(0) the set U — 4(¢) simply coincides with its tangent cone N =
{a | (as,u) < 0, s € So}. Since U has nonempty interior, so does N. Put, for
convenience in notation, @ = 0; then in a neighborhood of zero U = N.

Recall that we denote N = {w(t) = (z(¢),u(t)) € W | a(t) € N a.e. on [0,7T]}.



CONDITIONS FOR SINGULAR EXTREMALS 31

Consider the following system of linear equalities and strict inequalities in W:
ei(0)p<0, i€l, K'(0)p=0, z=Az+ Bu, ucintN.
The last inequality can be written as
P(u) = srrelgrg esssup (as, 4(t)) <0,

where obviously @ is a sublinear functional. The stationarity of @ means that this
system has no solution, which by the Dubovitskii—-Milyutin theorem is equivalent
to the existence of Lagrange multipliers A = (a;, 8 € RU™E o € Lo, ps € L),
such that a; > 0 Vi € I, ps(t) >0 ae. on [0,T] Vs € Sy, and the Euler—
Lagrange equation holds: for allw e W

Zaigo;ﬁJrK’;ﬁJr/q/;(:i—Ai—Ba)dt+Z/ﬂsadt:0

For Problem A this condition is equivalent to MP.

The total singularity of @ (i.e. its singularity w.r.t. all U) is equivalent to that
all ps(t) = 0 for all such A-s, and by Lemma Al the last property is equivalent to
the existence of w, € W, such that

i0)pe <0, K'(0)p.=0, z.=AZ.+ B, (66)

Us € int N, le. Je. >0 such that B, (u.(t)) CN a.e. on [0,T].
(Recall that system (66) defines the critical cone K.) We can take ||w.|| < 1. These

w, and the corresponding €. > 0 will be used in what follows.

Let us establish a simple property of the cone N in RF. Define the function
on(u) =D ,es, (as,u)t, and pick any @ € int N and € > 0, such that B.(u) C N.

Lemma A2. For any p there exists C = C(N,¢,p), such that ¥§ >0, Vu €
R* with ox(u) < J, the point u+ dCu lies in the §p-interior of N, i.e.

u—I—(SCﬂ—I—ng(O) C N.

Proof. In view of homogeneity of this property, we can consider only the case
when 6 =1, i.e. to prove that for some C, if on(u) <1, then (u+Cu)+B,(0) C
N.

Obviously, 3Cy = Co(N,e) such that for all these v we have wu + Cou €
N. Then, 3C; = C1(N,¢,p) such that for all &' € N the point o' + Ciu lies in
the p-interior of N. Taking C = Co + C1, we get the required property.

Now we recall the known estimate of the distance to the level set of an operator g,

mapping a Banach space X to another Banach space Y (see e.g. [11]). Suppose, g
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is strictly differentiable at a point zg € X (e.g. continuously Frechet differentiable
at z9), ¢(zo) = 0, and denote M = {z | g(z) = 0}. If ¢'(zo) is onto
(i.e. g satisfies Lyusternik condition at zg), then there exist a number L and a

neighborhood B(zg), such that

Ve B(zo) dist (z, M) < L||g(z)||. (67)

Finally, we prove an estimate for the increment of the function

mo(w) = Y0t o)+ K@)+ [ 16~ fole) = Fjuldt,  (68)
which is crucial for our purposes.

Lemma A3. Let w, >0, we K, and &, — 0.
Then oo(wn + en®) < oo(wn) + 0 (€n)-

Proof. Consider the increment of the first term in (68) (we omit 7):

0T (P + €nB) = [0(Pn) + @' (Pn) - €nb+ o0 (ea)]" <

(because ()t is a sublinear functional)

<ot (pn) +en [ (pa) B]T +olen). (69)

Since ¢'(pn) — ¢'(0), and ¢’'(0)p < 0 (because w € K ), the second term in
(69) is o(en), whence for the increment of the first term in (68) we obtain the
desired estimate. Similar arguments work for other two terms in (68). Lemma A3

is proved.

Proof of Theorem 5.2 (ii). In view of assertion (i), we have to show, that if
Ja > 0 and a neighborhood B(w), such that Vw € B(w) satistying (1), (4) with
u € N, the inequality o(w) > ay(w) holds, then Ja’ > 0 and a neighborhood
B' (@), in which the inequality o(w) > a’y(w) holds. (The reverse implication is
trivial.) We prove the contrary-reverse implication, i.e. if Jw, — 0, such that
o(wy) = o(y(wy)), then Jw) — 0 satisfying (1), (4) with w) € N, such that
o(u,) = ofy(w))

Thus, suppose that Jw, — 0 with o(w,) < a,y(wn), where o, — 0.
In particular, we have on(u,) < any(wn). Denote by L the constant from the
Lyusternik estimate (67) for the operator g, corresponding to equality constraints
(1) and (4) (see Def. 5.1).

By Lemma A2, taking @& = #.(t), € = €, (uniform for a.a. ), and p = 2L, we

—w

get 0y = an y(wy), and w), n + C 9, w., such that

B,s, (u) C N. (70)
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In particular, u,, € N, and hence o(w},) = oo(w),). By Lemma A3 we have
ao(w,) < oo(wn) + oamy(wn)) < 20 y(wn)

for large enough n. The point w], violates equalities (1) and (4) not more than by
oo(wl). Using estimate (67), we get a point w! satisfying these equalities, such
that ||w) — wi|| < L-2apy(wy) = pap y(wy). In particular, |u)(t) —ul(¢)| <
pany(wy), and due to (70) we have w//(¢) € N. Since the function og is
Lipschitzian (at least in a neighborhood of zero), then

) = oo(wy) < oo(wy,) + const |Jw) — w|| <

o (w,

< 2apn y(wy) + const - 2L ap y(wn) = o(y(wy)).

Finally, since ||w}l — wy]| < o(vy(wy)), we obviously have y(w)) ~ y(wyn), so
we may write o(w)) < o(y(w}))). Thus, we get the desired sequence w] — 0,

satisfying (1), (4) and the last estimate, with «//(¢t) € N, q.e.d.

Proof of Theorem 7.2 (ii) is similar to the previous one. We have to show,
that if there exists a sequence {wyn} € II(U, W), such that o(w,) = o(y(wn)),
then there exists a sequence {w)} € II(U, %) satisfying equalities (1), (4) with
ul, € N, such that o(w!]) =o(y(w))). The only two points in the previous proof,
where we used that ||wp|| = 0, were those, when we used Lyusternik estimate
(67) and the Lipschitz continuity of oo in a neighborhood of zero. The validity of
these properties in a neighborhood of zero is not sufficient now, because Pontryagin
sequences do not, generally, converge to zero in the norm of W. However, these
properties are valid not only in a neighborhood of zero, but on a more broad set
[lwll1 = |2(0)| + ||Z]|1 + ||«|l1 < &, for some e > 0. For estimate (67) this was
proved in [33, Part II], [34], while the Lipschitz continuity of o¢ on this set (w.r.t.
[lwl]|, or even w.r.t. ||w]|l1) is rather obvious. Thus, in both these points the

previous proof remains valid, and so Theorem 7.2 (ii) is proved.
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