Linear Algebra


Assignment 2





Question 1





Let M be an n x n matrix with reduced row echelon form R and let In be the n x n identity matrix.  Prove the following:





R is invertible if and only if R = In





R  can have two forms.  One with 1’s on the diagonal where R = In


and a form where R has a zero row.





When R = In then R is invertible as det(In) ( 0


When R ( In then R has a zero row.  Therefore det(R) = 0





Hence R is invertible if and only if R = In





M is invertible if and only if M is the product of elementary matrices.





By theorem 8.3: M = E1…EkR


By theorem 6.1: det(M) = det(E1)…det(Ek).det(R)


By theorem 8.2: det(E) ( 0





(det(M) ( 0 ( det(R) ( 0





by part i, det(M) ( 0 ( R = In� ( M = E1…EkIn





Hence M is invertible if and only if M is the product of elementary matrices.


	 


If�	� EMBED Equation.2  ����Find a lower triangular matrix L and an upper triangular matrix U such that �A = LU.  Hence solve:��	x + 2y + z	=	1�	2x + y + z	=	2�	x + 3y + 2z	=	3





First reduce A to row-echelon form, noting the elementary matrices for the operations performed:





r2( r2 -2r1�
� EMBED Equation.2  ����
� EMBED Equation.2  ����
�
r3( r3 -r1�
� EMBED Equation.2  ����
� EMBED Equation.2  ����
�
r2( -� EMBED Equation.2  ���r2 �
� EMBED Equation.2  ����
� EMBED Equation.2  ����
�
r3( r3 - r2 �
� EMBED Equation.2  ����
� EMBED Equation.2  ����
�
r3( � EMBED Equation.2  ���r3 �
� EMBED Equation.2  ����
� EMBED Equation.2  ����
�



A=LU


U = row-echelon form of A


( E5E4E3E2E1A = U


( A = E1-1E2-1E3-1E4-1E5-1U


( L = E1-1E2-1E3-1E4-1E5-1


( L = � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���


( L = � EMBED Equation.2  ���





As Ax = b


( LUx = b


Let Ux = y


then Ly = b





Ly = b


( � EMBED Equation.2  ���� EMBED Equation.2  ���=� EMBED Equation.2  ���


( u = 1, 2u -3v = 2, u + v + � EMBED Equation.2  ���w = 3


( u = 1, v = 0, w = 3





Substuting result into Ux = y:


� EMBED Equation.2  ���� EMBED Equation.2  ���=� EMBED Equation.2  ���


( x + 2y + z = 1, y + � EMBED Equation.2  ���z = 0, z = 3


( x = 0, y = -1, z = 3





Question 2





If A is an m x n matrix write down a formula relating the rank and nullity of A





rank(A) + nullity(A) = n





Now suppose that


� EMBED Equation.2  ���


Put A into row echelon form.





r2 ( r2 + 2r1�
� EMBED Equation.2  ����
�
r3  ( r3 -  r2�
� EMBED Equation.2  ����
�






Find the rank of A and hence deduce the nullity of A





rank(A) = number of non-zero rows in the row echelon form = 2


rank(A) + nullity(A) = n


nullity(A) = n - rank(A)


nullity(A) = 4 - 2 = 2





Find bases for the kernel of A and for the image of A





Basis for the kernel of A:


Ax = 0


� EMBED Equation.2  ���


� EMBED Equation.2  ���





x1= -2x4 + x3, x2 = -4x4, x�3, x4.





( ker(A) = { (-2x4 + x3, -4x4, x3, x4) 


basis for the kernel of A = � EMBED Equation.2  ���and � EMBED Equation.2  ���


 


Basis for the image of A:





� EMBED Equation.2  ���


= x1� EMBED Equation.2  ���+x2� EMBED Equation.2  ���+x3� EMBED Equation.2  ���+x4� EMBED Equation.2  ���





= x1� EMBED Equation.2  ��� + x2� EMBED Equation.2  ���+ x3� EMBED Equation.2  ���+ x4� EMBED Equation.2  ���


=(x1 - x3 + 2x4) � EMBED Equation.2  ���+ (x2 + 4x4) � EMBED Equation.2  ���


Therefore � EMBED Equation.2  ���and � EMBED Equation.2  ��� generate the image of A, they also are linearly independent.  Therefore � EMBED Equation.2  ���and � EMBED Equation.2  ��� are a basis for the image of A.








Show that b = [2, 1, 0]T is not contained in the image of A.  What can you deduce about the solution set of the linear equation Ax = b.





b = [2, 1, 0]T = � EMBED Equation.2  ���





� EMBED Equation.2  ���and � EMBED Equation.2  ��� are a basis for the image of A.





For b to be a member of the image of A





a� EMBED Equation.2  ���+b � EMBED Equation.2  ���=� EMBED Equation.2  ���


( a = 2, -2a + b = 1, b = 0.





This causes a contradiction as -2.2+0 = -4 ( 1


Therefore b can not be a member of the image of A and the solution set�Ax = b is empty, i.e. Ax = b has no solution.








Question 3





For any n x n matrix M let ((M) denote the spectrum of M.  For any n x n matrices A and B show that





((AB) = ((BA)





By Theorem 7.1 part v:


det((AB) - (I) = det ((BA) - (I)


For ( to be an e-value det((AB) - (I) = det ((BA) - (I) = 0


(((AB) = ((BA)


 


((A) = ((AT)





AT - (I = (A - (I)T 


By Theorem 7.1 part iii:


det((A - (I)T) = det(A - (I)


( det(AT - (I) = det(A - (I)





For ( to be an e-value det(AT - (I) = det(A - (I) = 0


(((A) = ((AT)





(((A) = (1 whenever A satisfies AT = A-1





(((A) = det(A)


By theorem 7.1, part iii


det(A) = det(AT)


By theorem 7.1, part v


det(A) = � EMBED Equation.2  ���


Therefore det(A) = det(AT) = � EMBED Equation.2  ��� =  (1





Given that 1 is a eigenvalue of 


� EMBED Equation.2  ���


find all the eigenvalues and eigenvectors of C





eigenvalues of C = det(C - (I)


� EMBED Equation.2  ���





As 1 is an eigenvalue of C, 1 is a factor of the above equation.


� EMBED Equation.2  ���





Therefore the eigenvalues of C are 1, 2 and 3





Take ( = 1:





� EMBED Equation.2  ���


( -z = 0, x + y + z = 0 


( z = 0, y = -x


Taking x to be 1.





( e-vector = � EMBED Equation.2  ���





Take ( = 2:





� EMBED Equation.2  ���


( -x - z = 0, x + z = 0, 2x + 2y + z = 0


(  z = 2y, x = -2y


Taking y to be 1.





( e-vector = � EMBED Equation.2  ���





Take ( = 3:





� EMBED Equation.2  ���


( -2x - z = 0, x - y +  z = 0, 2x + 2y = 0


(  z = -2x, y = -x


Taking x to be 1.





( e-vector = � EMBED Equation.2  ���


(The eigenvalues of C = 1,2 and 3.


The eigenvectors of C = � EMBED Equation.2  ���� EMBED Equation.2  ���� EMBED Equation.2  ���
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