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• If ( )1 2,Cov X X  = 0 (or X1   X2 which also make ( )1 2,Cov X X  = 0), 
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• Independent Gaussian random variables are always jointly Gaussian. 

• Third or higher-order partial derivative of ( )vΨ  wrt. to components of v  is zero. 

Ex. ( ) ( ), 0ijk ijkv vΨ Ψ =l  

( ) ( )( )
1

2

1 1

ln ln
2 2

T Tjv m v v T T
a a a b ab

a b a

v v e jv m v v j v m v v λ
− Λ 

Ψ = Φ = = − Λ = − 
 

∑ ∑∑  

The first term is linear, the second term is quadratic wrt. v. 

So, any third or higher-order partial derivative of ( )vΨ  wrt. to components of v  is zero. 

• Third order joint Gaussian moments = 0 

( )( )( )i i j j k kE X EX X EX X EX − − −  = 0 

( )( )( )( ) 3 0i i j j k k ijkE X EX X EX X EX j−− − − = Ψ =  

• Isserlis’s Theorem 

• Any forth-order central moment of jointly Gaussian r.v. is expressible as the sum of all 
possible products of pairs of their covariances. 

( )( )( ) ( )i i j j k kE X EX X EX X EX X EX − − − − l l  

= Cov(Xi,Xj)Cov(Xk,Xl) + Cov(Xi,Xk)Cov(Xj,Xl) + Cov(Xi,Xl)Cov(Xj,Xk) 

( )( )( )( )( )i i j j k kE X EX X EX X EX X EX− − − −l l  

ijk= Ψ l ij k ik j i jk+ Ψ Ψ + Ψ Ψ + Ψ Ψl l l  

and ( ),i j ijCov X X = −Ψ  

• For zero mean jointly Gaussian vector, 

E[X1X2X3X4] = E[X1X2]×E[X3X4] + E[X1X3]×E[X2X4] + E[X1X4]×E[X2X3] 

( )( )( )( )1 1 2 2 3 3 4 4E X EX X EX X EX X EX− − − −    = E[X1X2X3X4] 

Cov(XiXj) = EXiXj – EXiEXj = EXiXj 

• Joint normality is preserved under linear transformations 

Y = GX + b ⇒  

• Y ~ N(mY, ΛY) 

• mY = GmX + b  

• ΛY = GΛX GT
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• Every mth order marginal of an nth order jointly normal r.vec. is jointly normal 

Proof :  

choose  Gm×n  whose rows are unit vectors pointing in the directions of the 
appropriate coordinate axes. 

b = 0 

• X is Jointly normal  
ó every linear combination of its coordinates is a Gaussian r.v. 

≡ For every real v , A = vTX is normally distributed 

Proof : 

• 1) If X ~ N(mX, ΛX) then vTX is normally distributed, ∀v  

• b = 0 , G = vT 

• 2) If A = vTX is normally distributed ∀v  then X ~ N(mX, ΛX) 

• We have TA v X= . So, 
T T

XAm Ev X v m= =  

( )TT T T T
X X XAA m v X v m X v m v X m v− = − = − = −  
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• Because A is Gaussian, ( )
2 21

2A Ajvm v

A v e
σ−

Φ =  and 

( )
21 1

2 21
T T

A A XXjm jv m v v

A e e
σ− − Λ

Φ = =  (1) 

• By definition of characteristics function, ( ) jvA
A v EeΦ =  

( )1
TjA jv X

A Ee EeΦ = =  (2) 

• From (1) and (2), 
1

2
T T

T XXjv m v vjv XEe e
− Λ

= . 

Since this equation holds for every real v, ( )Tjv X
XEe v= Φ  and thus 

( )
1
2

T T
XXjv m v v

X v e
− Λ

Φ = . So, X is jointly Gaussian. 


