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Central Moment :
Define Y, (v) =In(F, (v))

2
Y, =—Y,(0),Y,= 1 Y, (0) , and soon.

Cov(X;, X;)=-Y,
E((% - BX)(X; - BX) (X - BX)) =0
E((% - BX)(X; - BX) (X, - EX)(X, - EX,))
SY et Y Y HY LY YT,

Where we do not require that any or al of i, j, k, and ¢ be distinct.

Let
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v v (v)= Y (v) ,and soon.
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Y, =—Y(0),Y, = 1

i Y (0) , and so on.
v v,

Fi(V)le(\_/)’F'j(\_/): i F(v) ,andsoon.
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First order:

TF(Y
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Y. (0) :I:T(ao)):%: jEX
Second orde;:

F, (O (o) _
R ) R 1
= ?(E(X.X;)- BXEX;)=- (E(XX;)- EXEX;)
Y, (0) =- (E(XX,)- EXEX)) (1)

X X;)- E(X (EX))- E((EX,)X;)+ E(EXEX;)
=E(X/X;)- EX,EX; - EX,EX, + EX,EX|
=E(XX;)- EX;EX;
From (1)
Cov(X;,X;)=-Y(0)=-Y,
Cov(X;, X;)=-Y, O

Third order:
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E((x EX)(X; - EX;)(X. EXk))
=E((X)(%;)(%)- (%)X E(X) - (X)E(X) (%)
+(X)E(XJE(X) - E(X)(X;)(X)
E(0)(%, ) E(x) - E(R)E(X ) (%)- E(CE(X,)E(,)
=E(X X;X,)

+26(X )E(X,)E(X,)

= YLS(Q) from (2).
J

= j_BYijk
E((% - BX)(X; - BX) (X, - BX,)) =0
Fourth order:
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From (3) and (4),
Yie Y Y # YR Y +Y,Y

=E(X X X x,)
- E(X X X, JE(X,)- E(X X; X, )E(X,)
- E(X X X, ) E(X;)- E(X)E(X;X,X,)
+E(X X, )E(X)E(X,)+E(X X, ) E(X; )E(X,) +E(X ) E(X; X, )E(X,)
+E(X,X,)E(X;)E(X,)+E(X)E(X; X, )E(X,) +E(X ) E(X,)E(X,X,)
-3E(X,)E (X, )E(X,)E(X,)

...(5)
E((Xi - Exi)(xj } Exj)(xk' Exk)(xzr } EXK))

= EEX, X, X, X,
- XX XCE(X) - XX XCE(X) - XX XCE (X)) - XX X E(X)
+ X X E(X)E(X, )+ X X E (X JE(X, )+ X X,E(X;)E(X)
+ X, X E(X)E(X, )+ XX, E(X ) E(X, )+ X X,E(X)E(X;))
i XiE(Xj)E(Xk)E(XK)- X E(X)E(X,)E(X,)
- XE(X)E(X)E(X,)- X E(X)E(X, )E(X,)
+E(X)E(X, )E(X)E(X,) ]
=E(X X XX,)
- E(XX; X, JE(X,)- E(XX; X, )E(
- E(X, X X,)E(X;)- E(X;X,X,)
+E(X X, ) E(X, ) E(X,)+E(X X, )E(X
+E(X; X, )E(X,)E(X,)+E(X X, )E
- E(X)E(X,)E(X)E(X,)- E(X, )E(
- E(X, ) E(X)E(X;)E(X,)- E(X,)E(X,
+E(X,)E(X;)E(X,)E(X,)

X,)
E(X;)
JJE(X)+E(X X,)E(X,
DE(X ) +E(XX,)E(X,)E(X;)
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=E(X X XX,)
- E(X X X, JE(X,)- E(X X; X, )E(X,)
- E(X X X, )E(X;)- E(X;X,X,)E(X,)

+E(X X, )E(X ) E(X,)+E(XX,) (XJ)E X, ) +E(X X, )E(X;)E(X,)
+E(X,—Xk)E(Xi)E(XmE(ijzz)E(X.) (X )+E(XX,)E(X,)E(X; )

- 3E (X )E(X, )E(X,)E(X,)
From (5),
E((% - BX)(X; - BX)(X, - EX)(X, - EX,))
=Y., tY. Y, Y, Y Y, Y

ijke ij ke

Joint Nor mality/Gaussian

_(x—m)z
e =°

(= s

Fy(v)=e ™2
)=

X isjointly normal or jointly Gaussian with mean m and covariance matrix L if
X ~NMmy, Lx)

ivi m- 1vTLv

®FyW)=e 2

! "L (x-m
# i (x) = e 2
2p )2 |det(L)
144
1 AA k)
thl th X (XI’XZ ..... Xn = n 62““1211:1
(20)2|L[2
B - EX1_ r%-Exléa(z—Exziag(z_Engz
_§SX152§3X1£3X25 szE
Fpx, (%) = : e 2fi-17)

205 Sy \1-1°
Cov(X,, X,) _ E(X;X,)- EX,EX,
S xS x, - S xS x,

where r =

If Cov(X,,X,) =0 (or Xy IL X which also make Cov(X,, X,) =0),
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Independent Gaussian random variables are always jointly Gaussian.

Third or higher-order partial derivative of Y (v) wrt. to components of v is zero.

Ex. Y ik (\_/) Y ijke (\_/) =0

&jv'mvLvO T T

Y(v)=In(F(v))=Ingg” ~ s=jv'm- vLv=jdvm- 8 vl
e ) 2 a 2% a

The first term is linear, the second term is quadratic wrt. v.
So, any third or higher-order partial derivative of Y (\_/) wrt. to components of v is zero.

Third order joint Gaussian moments = 0
EE X - EX)(X; - EX;)(X, - EX,)4=0

E((X - BX)(X; - EX;)(X, - EX,)) =Y =0

|sserlis's Theorem

Any forth-order central moment of jointly Gaussian r.v. is expressible as the sum of all
possible products of pairs of their covariances.

EGX, - BX) (X, - BX,) (X, - EX)(X, - EX,)H

= COV(Xi,Xj)COV(Xk,XK) + COV(Xi,Xk)COV(Xj,XK) + COV(Xi,X(,)COV(Xj,Xk)

E((% - BX)(X; - BX) (X, - BX)(X, - EX,))
= +Yink1f+Yiij1f+Yi1ijk

- ijke

and Cov(X,,X;)=-Y,

For zero mean jointly Gaussian vector,
E[X]_XZX3X4] = E[X]_Xz], E[X3X4] + E[X1X3], E[X2X4] + E[X1X4], E[X2X3]

EGX,- EX))(X, - EX,)(X,- EX;)(X, - EX,)f = E[X1X2X3X4]
COV(Xin) = EXin — EXiEXj = EXin

Joint normality is preserved under linear transfor mations
Y=GX+hbbP

Y ~Mmy, Ly)

my =Gmx +b

Ly =GLx G’




LGy v (Gmsb)- 2V (GLGT v
=e 2

Every m™ order marginal of an n™ order jointly normal r.vec. is jointly normal

Proof :

choose Gy n Whose rows are unit vectors pointing in the directions of the
appropriate coordinate axes.

b=0

X is Jointly normal
< every linear combination of its coordinatesis a Gaussian r.v.
° For every real v, A = v'X isnormally distributed

Proof :
1) If X ~ Mmy, Lx) then v'X is normally distributed, " v
b=0,G=V'
2) If A =v'X isnormally distributed " v then X ~ AV{mx, Lx)
Wehave A=V' X . So,

=vibLyv
o 1o
. . VM- SVIS
Because A is Gaussian, F ,(v)=e 2 " and
’ 12 ST 1+
FA(l):eJmA'ESA — JV mx'iy Lyxv

By definition of characteristics function, F ,(v) = Ee™

FA(1)=Ee" =Ee¥*

Jmiﬁ-%yTLﬁy

From (1) and (2), Ee’Y X =e
Since this equation holds for every real v, Ee' X =F , (v) and thus

ijmX-%yTny

Fo(v)=e *". So, X isjointly Gaussian.

(1)

(2)




