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• If ( )1 2,Cov X X  = 0 (or X1   X2 which also make ( )1 2,Cov X X  = 0), 
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• Independent Gaussian random variables are always jointly Gaussian. 

Complex Random Processes 

• Complex random variable : Z = X + jY 
where X and Y are real random variable 

• Complex random process: {Z(t)} = {X(t) + jY(t)} 

• Gaussian 
• Z is a complex Gaussian random variable if X and Y are jointly Gaussian 

• {Z(t)} is a complex Gaussian random process if 

any vector ( ) ( )( ) ( ) ( ) ( ) ( )( )1 1 1, , , ,n n nZ Z t Z t X t jY t X t jY t= = + +… …  

is built from 2n real jointly Gaussian random variable. 

• Vanderkulk’s Lemma : The complex r.v. Z = X + jY is zero mean and Gaussian, then 
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The complex r.v. Z = X + jY is zero mean and Gaussian. 
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Consider the exponent, 
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• Let W and Z be two complex random variable 

• ( ) ( )( ) ( ), ,Cov W Z E W EW Z EZ Cov Z W= − − =  

• Z = X+jY 

• mean EZ = EX + jEY 

• variance ( ) ( ) 22 2 2,Z X YVar Z Cov Z Z E Z EZσ σ σ= = = − = +  (real) 
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• Z = X+jY and z = x+jy 

X,Y iid. N(0,σ2) 
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Let z = x+jy 

Then x2+y2 = |z|2, so 
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• {Z(t)} = {X(t) + jY(t)} 

• ( ) ( ) ( )Z X Ym t m t jm t= +  
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• If ( ),ZK t t τ−  = function of τ only, we write ( ) ( ),Z ZK t t Kτ τ− =  



• ( ) ( ) ( ) ( ), ,Z ZR s t EZ s Z t R s t= =  

• If ( ),ZR t t τ−  = function of τ only, we write ( ) ( ),Z ZR t t Rτ τ− =  

• If ( )Zm t = constant and ( ) ( ),Z ZR t t Rτ τ− = , {Z(t)} is w.s.s. 

Proper / circular / phase-invariant complex Gaussian 

• Z is proper (circular, phase-invariant) Gaussian iff 

pseudo-covariance ( )( ) 0i i j jE Z EZ Z EZ− − =  for all 1 ≤ i,j ≤ n including when i = j 

• same as ( ) ( ), ,i j i jCov X X Cov Y Y=  and ( ) ( ), ,i j i jCov X Y Cov Y X= −  
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• For EZ = 0 (EX = EY = 0) 
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Then, 0i j i jEX X EYY− =  and 0i j i jEY X EX Y+ =  

• ( ) ( )i iVAR X VAR Y=  
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• {Z(t) = X(t) + jY(t)} is proper (circular, phase-invariant) Gaussian iff 

all n-dimensional vector of the form ( ) ( )( )1 , , nZ t Z t…  must be proper Gaussian 



• Condition for properness: ( ) ( )( ) ( ) ( )( )Z ZE Z s m s Z t m t− −  = 0 

• n = 1:Suppose  

• Z = X+jY is Gaussian 
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Consider the exponent  
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1) ( )1 1, , , , ,n nX X Y Y… …  is 2n-dimentional jointly Gaussian 

2) Z is proper. ⇒ ( )( ) 0j j k kE Z EZ Z EZ− − =  for all 1 ≤ j,k ≤ n including when j = k 
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Only have to consider one case where j = k = 1 

Obviously, X,Y is jointly Gaussian 
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• For n = 2,  
(Z1,Z2)

T is proper Gaussian iff 

0) X1,X2,Y1,Y2 are jointly Gaussian 

1) Z1 is proper Gaussian 

2) Z2 is proper Gaussian 
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• To see that this is true for n = 2 and 0EZ =  

Bivariate Proper Gaussian Density 
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( ) 2 2X EX−( )
1 2 1 2

1 2

X X X X

EX X

σ σ σ σ
= .  

So, 
1 2 1 21 2 ,X X X XEX X σ σ ρ=  

( )
1 2

1 2

1 11 2
,

,
Y X

Y X

E Y EYCov Y X
ρ

σ σ

−
= =

( ) 2 2X EX−( )
1 2 1 2 1 2

1 2 1 2

Y X Y X X X

EY X EY X

σ σ σ σ σ σ
= = .  

So, 
1 2 1 21 2 ,X X Y XEY X σ σ ρ=  

Thus,  

 

1 2

1 2

2EZ Z
ρ

σ σ
= = 1 2 2EX X + 1 2

2

jEY X

1 2

1 2 1 2 1 2 1 2

1 2

, ,

X X

X X X X X X Y X

X X

j

σ σ

σ σ ρ σ σ ρ

σ σ

+
=

 

1 2 1 2, ,X X Y Xjρ ρ ρ= +  

b) ( )
2

† 1 1 1 1 2 1 1 2
1 2 2

2 2 1 2 2 2 1 2

Z

Z EZ Z EZ Z EZ Z
EZZ E Z Z

Z EZ Z EZ Z EZ Z

σ

σ

    
Λ = = = =             

 

 1 2
1 2 1 2 2 1 1 2 1 2

1 2

,
EZ Z

EZ Z EZ Z EZ Zρ ρσ σ ρσ σ
σ σ

= ⇒ = = =  

So, 
2
1 1 2

2
1 2 2

Z

σ ρσ σ

ρσ σ σ

 
Λ =   

 
 

( ) 2 2 2 2
1 2 1 2det Z σ σ ρ ρσ σΛ = −  

( ) ( )2 2 2
1 2det 1Z ρ σ σΛ = −  

Note that for 
a b

A
c d

 
=  

 
, 1 1 d b

A
c aad bc

− − 
=  −−  

 

Therefore,  

( )
2
2 1 21

2 22 2
1 2 11 2

1

1
Z

σ σ σ ρ

σ σ ρ σρ σ σ
−

 −
Λ =   −−  

 

( )

2

11

2
11 2

2

1

1
Z

σ
ρ

σ

σρ σ σ ρ
σ

−

 
− 

 Λ =  − −  
 

 

c) Define ( )1 1 2 2, , ,
T

R X Y X Y=  



( )

1

1

2

2

1 1 1 1 1 1 2 1 2

1 1 1 1 1 1 2 1 2
1 1 2 2

2 2 1 2 1 2 2 2 2

2 2 1 2 1 2 2 2 2

2
1 2 1 2

2
1 2 1 2

2
1 2 1 2

2
1 2 1 2

, , ,

0

0

0

0

T
R

X

Y

X

Y

X EX X EX Y EX X EX Y

Y EY X EYY EY X EYY
ERR E X Y X Y

X EX X EX Y EX X EX Y

Y EY X EY Y EY X EY Y

EX X EY X

EY X EX X

EX X EY X

EY X EX X

σ

σ

σ

σ

   
   
   Λ = = =
   
      
   

−

=

−

1 1 2 1 2 1 2 1 2

1 1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2 2

1 2 1 2 1 2 1 2 2

2
, ,

2
, ,

2
, ,

2
, ,

0

0

0

0

X X X X X X X Y X

Y X X Y X X X X X

X X X X X X Y X X

X X Y X X X X X Y

σ σ σ ρ σ σ ρ

σ σ σ ρ σ σ ρ

σ σ ρ σ σ ρ σ

σ σ ρ σ σ ρ σ

 
 
 
 
 
 
 
 −
 
 

=  
 
 − 

 

1 2 1 2

1 2 1 2

1 2 1 2

1 2 1 2

1 2 , ,

1 2 , ,

1 2

, , 2 1

, , 2 1

/ 0

0 /1

2 / 0

0 /

X X Y X

Y X X X

R

X X Y X

Y X X X

σ σ ρ ρ

σ σ ρ ρ
σ σ

ρ ρ σ σ

ρ ρ σ σ

 −
 
 

Λ =  
 
 − 

 

It can be shown that  

( )

1

2 2

0 0

0 01

0 0

0 0

a c d b c d

a d c b d c

c d b c d aab c d

d c b d c a

−− −   
   − −   =
   − −− +
      − −   

 

( )

1 2 1 2

1 2 1 2

1 2 1 2

1 2 1 2

2 1 , ,

2 1 , ,1

2
, , 1 21 2

, , 1 2

/ 0

0 /2

/ 01

0 /

X X Y X

Y X X X

R

X X Y X

Y X X X

σ σ ρ ρ

σ σ ρ ρ

ρ ρ σ σρ σ σ
ρ ρ σ σ

−

 −
 

− − 
Λ =  − −−  

 − 

 

It can also be shown that 

( )( )

2 2 2 2 4 2 2 4

2
2 2

0

0
det 2 2 2

0

0

a c d

a d c
a b abd abc c c d d

c d b

d c b

ab c d

− 
 
  = − − + + +
 
  − 

= − +

 

Thus, ( ) ( )
4

22

1 2

1
det 1

2R σ σ ρ Λ = − 
 

 



( ) ( )
4 4 221 2det 1
16R

σ σ
ρΛ = −  

d) ( ) ( )
2 2

21 2det 1
4R

σ σ
ρΛ = −  

From part (b) we have ( ) ( )2 2 2
1 2det 1Z ρ σ σΛ = −  

Therefore, ( ) ( )det
det

4
Z

R

Λ
Λ =  

e) We want to show that ( ) ( )
1 1 2 2 1 2, , , 1 1 2 2 , 1 2, , , ,X Y X Y Z Zf x y x y f z z=  

where 

( ) ( )
( ) ( )† 1

1 2, 1 2 2

1
,

det
Zz z

Z Z

Z

f z z e
π

−− Λ=
Λ

 

( )
( ) ( )

1

1 1 2 2

1

2
, , , 1 1 2 2 2

1
, , ,

2 det

T
Rr r

X Y X Y

R

f x y x y e
π

−− Λ
=

Λ
 

 

( ) ( )1 2 1 1 2 2, ,
T T

z z z x jy x jy= = + +  

( )1 1 2 2, , ,
T

r x y x y=  

I. First, compare ( )2 det Zπ Λ  and ( ) ( )2
2 det Rπ Λ  

( ) ( ) ( ) ( ) ( )2 2 2 2det
2 det 4 det 4 det

4
Z

R R Zπ π π π
Λ

Λ = Λ = = Λ  

II. Next, compare † 1
Zz z−Λ  and 11

2
T

Rr r−Λ  

( )( ) ( )

{ }

2

2 † 1 11 2 1
1 2 1 2 1 1 1 2 2 1 2 2

2 1 21

2

2 22 1
1 1 2 2

1 2

1 ,

2Re

Z

z
z z z z z z z z z z z z

z

z z z z

σ
ρ

σ σ σ
ρ σ σ ρ ρ

σ σσ
ρ

σ

σ σ
ρ

σ σ

−

 
− 

  − Λ = = − − +   −  
 

= − +

 

{ } ( )( )( ){ }

( ) ( )

1 2 1 2

1 2 1 2 1 2 1 2

1 2 1 2 1 2

1 2 , , 1 1 2 2

, 1 2 , 1 2 , 1 2 , 1 2

, 1 2 1 2 , 1 2 ,

Re Re X X Y X

X X X X Y X Y X

X X Y X Y X

z z j x jy x jy

x x y y x y y x

x x y y y x

ρ ρ ρ

ρ ρ ρ ρ

ρ ρ ρ

= + − +

= + − +

= + + −

 



( ) ( )

( ) ( )

( ) ( )

1 2 1 2

1 2 1 2

1 2 1 2

1 2 1 2

1 2

2 1 , , 1

2 2 1 , , 11
1 2 1 1 2 2

2, , 1 2

2, , 1 2

2 2 2 22 1
1 1 2 2

1 2

1 2 1 2 , 1 2 1 2

/ 0

0 /1
1 , , ,

2 / 0

0 /

2

X X Y X

Y X X XT
R

X X Y X

Y X X X

X X

x

y
r r x y x y

x

y

x y x y

y y x x y x x y

σ σ ρ ρ

σ σ ρ ρ
ρ σ σ

ρ ρ σ σ

ρ ρ σ σ

σ σ
σ σ

ρ

−

 −    − −    − Λ =     − −      −   

= + + +

− + + −( )

( ) ( )( )
{ }

1 2

1 2 1 2

,

2 22 1
1 2

1 2

1 2 1 2 , 1 2 1 2 ,

2 22 1
1 2 1 2

1 2

2

2Re

Y X

X X Y X

z z

y y x x y x x y

z z z z

ρ

σ σ
σ σ

ρ ρ

σ σ
ρ

σ σ

= +

− + + −

= + −

Therefore, ( )( )2 † 1
1 21 Zz zρ σ σ −− Λ  = ( )2 1

1 2

1
1

2
T

Rr rρ σ σ − − Λ 
 

. 

And † 1
Zz z−Λ  = 11

2
T

Rr r−Λ  

From I and II, we have 
( )

( ) ( )† 1

2

1

det
Zz z

Z

e
π

−− Λ

Λ
 = 

( ) ( )

11
2

2

1

2 det

T
Rr r

R

e
π

−− Λ

Λ
. 

Hence, ( ) ( )
( ) ( )† 1

1 1 2 2, , , 1 1 2 2 2

1
, , ,

det
Zz z

X Y X Y

Z

f x y x y e
π

−− Λ=
Λ

 QED 

 

• Proper Gaussian is preserved under linear filter: 
 complex 

h(s,t) 
Linear 

 

complex z(t) complex w(t) 

 

( ) ( ) ( ),w t h s t z s ds= ∫  

If {Z(t)} is proper Gaussian, so is {w(t)} 

• If {Z(t)} is 0-mean proper Gaussian, so is {w(t)} 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( )( )
0

, ,

, ,

, ,

0

EW u W v E h s u z s ds h s v z s ds

E h s u h s v z s z s dsds

h s u h s v E z s z s dsds

′ ′ ′=

′ ′ ′=

′ ′ ′=

=

∫ ∫
∫∫

∫∫ 1442443
 



• For non-zero mean case, we have 

( ) ( )( ) ( ) ( )E z s z s Ez s Ez s′ ′−  = 0 

( ) ( ) ( )
( ) ( ) ( )

,

,

EW u h s u Ez s ds

EW v h s v Ez s ds

=

′ ′ ′=

∫
∫

 

( ) ( ) ( ) ( ) ( ) ( )( )( ), ,EW u W v h s u h s v E z s z s dsds′ ′ ′= ∫∫  as before. 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )( )
, ,

, ,

EW u EW v h s u Ez s ds h s v Ez s ds

h s u h s v Ez s Ez s dsds

′ ′ ′=

′ ′ ′=

∫ ∫
∫∫

 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )( ) ( ) ( )( )

0

, ,

0

EW u W v EW u EW v

h s u h s v E z s z s Ez s Ez s dsds

−

′ ′ ′ ′= −

=

∫∫ 144444424444443  

 


