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Independent Gaussian random variables are always jointly Gaussian.

Complex Random Pr ocesses

Complex random variable: Z=X +jY
where X and Y are real random variable
Complex random process: {Z(t)} = {X(t) + jY(t)}

Gaussian
Z isacomplex Gaussian random variableif X and Y arejointly Gaussian
{Z(t)} isacomplex Gaussian random process if
any vector Z=(Z(t,),....Z(t,)) =(X (t.)*+iY (t) ... X (t,) + Y (t,))
is built from 2n real jointly Gaussian random variable.

Vanderkulk’sLemma : The complex r.v. Z= X + jY is zero mean and Gaussian, then
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The complex r.v. Z= X+ jY is zero mean and Gaussian.
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Let W and Z be two complex random variable
Cov(W,z)=E(W- EW)(Z- EZ)=Cov(Z,W)

Z = X+Y
mean EZ = EX + JEY
variance s 2 =Var (Z)=Cov(Z,Z) = E|Z - EZ|" =s 2 +s2 (red)

s2=Var(z)=Cov(z,2)=E(Z- EZ)(Z- EZ)=E|Z- EZ|’3 0
=E§X- EX) +(Y- EY)"H=VAR(X) +VAR(Y) =s } +s¢

Z = X+Y and z = xtjy

X,Y iid. M0,s9)
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Let z = x+jy

Then x*+y? = |z, so
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fz(2) is ashorthand for f, , (x,y)
Si=si+s};=25?
Note: Though not as compact, any f, , (X, y) can be expressed only in terms of z by let

7Z+7 z-2
x=2"% and y=2"2
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{Z(®)} = {X(®) + jY(O)}
m, () =m, (t) + jm, (t)
K, (s,t)=Cov(Z(s),z(t))=E(Z(s)- m,(s))(Z(t)- m,(t)) =K, (t,s) complex

K, (t.s) = E(Z(t)- m, (t))(2(s)- m. (s)) =E(z(t)- m, (t))(Z(s)- m.(s))

E(Z(s)- m, (9))(z(t)- m, (1)) =K, (s1)

If K, (t,t-t) =functionof t only, wewrite K, (t,t-t)=K,(t)




R (st) =EZ(s)Z(t) =R (st)
If R (t,t-t) =functionof t only, wewrite R, (t,t-t)=R,(t)
If m,(t)=constantand R, (t,t-t)=R,(t),{Z(t)} isw.ss.

Proper / circular / phase-invariant complex Gaussian

Zisproper (circular, phase-invariant) Gaussian iff
pseudo-covariance E(Z, - EZi)(Zj - EZJ.):O foral 1£i,j £ nincluding when i = |

same as Cov(xi,xj)=Cov(Yi,Yj) and Cov(X, YJ) Cov(Y X.)
E(z - E2,)(z,- EZ,)=E((X, - EX)+ (Y - EX))((X; - i(y, - E)))
:Egéxi ) EXi)(XJ- J) Y- )(Y EY) 9

(
g +i(%-BY) (X, - B )+ i (x - BX)(Y, - BY, )3
(E(Xi - Exi)(xi - EXJ.)- E(Y - EYi)(Yi - EYj))
+j(E(Yi' EY,), (X, - BX; )+ E(X; - EX)(Y,; - EY‘))
(Cov(X;.X;)- Cov(¥.Y;))+i(Cov(X.Y;)+Cov(¥,X,))
=0+ 0
ForEZ=0(EX=EY =0)
E2,Z, = E(X + I)(X, + 1% ) 2E(XX, - XY, + X, + X))
=(EX X, - EYY,)+j(EY,X, +EXY,) =0+ 0
Then, EX,X, - EYY, =0 and EY,X, +EX,Y, =0

VAR(X;) =VAR(Y,)

Cov(X;,X;)=Cov(Y.Y;) ® Cov(X;,X;)=Cov(Y,Y)

s2 =Var(z)=E|z[ =25} =25}

S =Var(z2)=E[zf =5 s =25} =25

Cov(X;,Y)=0

Cov(X,.Y,)=-Cov(X,,Y,) ® Cov(X,Y)=-Cov(X.Y)

{Z(t) = X(t) +jY(t)} isproper (circular, phase-invariant) Gaussian iff
dl n-dimensional vector of theform (Z (t,),...,Z(t,)) must be proper Gaussian




Condition for properness: E(Z(s)- m, (s))(z(t)- m,(t)) =0

n = 1:Suppose
Z = X+4jY is Gaussian
S%=s

Cov(X,Y) =0 (or X 1L Y which also make Cov(X,Y) =0)

Consider the exponent
(x- EX)*+(y- EY)*=(x*- 2xEX +(EX))+(y? - 24EY+(EY)’)
Let
m=m, = EX + JEY b |m,|" =(EX)" +(EY)’
z=xHy b |z’ = x*+y?
Since mz+ zm= mE+F_z:2Re{m—z} =2Re{(EX + JEY)(x- jy)} = 2(XEX + yEY)
(x- EX)" +(y- EY) :(x2 +y2)+((Ex)2+(EY)2)- (2xEX +2yEY)
=|Z* +|m’ - mz- zm
Since |z- M’ =(z- m)m=|z|2+|n’12- mz- zm
(x- EX)*+(y- EY)’ =|z- n}®
|
Hence, f, ., (X y)= e °2 =1,(2)
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1) (Xpe. o X, Y00, Y,) is2n-dimentional jointly Gaussian

2) Z is proper. b E(Zj - EZJ.)(Zk - EZ,)=0 foral 1 £jk £ nincluding whenj =k
then
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m=EZ and

K, =(Cov(z,.2,))
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To seethat it reduces correctly whenn =1,
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Only have to consider one case wherej =k =1
Obvioudly, X,Y isjointly Gaussian

So, have to show that

E(z,- EZ,)(Z,- EZ)=E(Z,- EZ))" =E(Z- EZ)’ =0 isequivaent to
sZ=s? and Cov(X,Y) =0

This can be shown from

E(z- E2)" =E((X- EX)- j(Y- EV))

2
z

= E(((X- EX)"- (Y- EY)')- 2j (X - EX)(Y- EY))

=(s%-s7)- 2j(Cov(X.Y))=0+jo

Forn =2,
(Z1,Z,)" is proper Gaussian iff
O) X1,X2,Y1,Y> arejoi ntly Gaussian
1) Z;isproper Gaussian
2) Zisproper Gaussian
3) E(Zi-EZi)(Z-EZ;) =0
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To seethat thisistrueforn=2and EZ =0

Bivariate Proper Gaussian Density
Define

Z, =X+ Y, , Z,= X, + Y, and Z=(2,,2,)"

EZ=0,s0 EX, =EX, =EY, =EY, =0

Z isproper Gaussian, S0EZ,Z, =0

This gives
Cov(X,, X,)=Cov(Y,Y,) P EX,X, =EYY,
Cov(X;,X;)=Cov(Y.Y)P s3 =s7
Cov(X,,Y;)=-Cov(¥,X;)P EXY, =-EYX,

And EXY =-EYX, P EXY =0

?=Var(z,)=E[z) =s} +sl =25}

2=Var (z,)=E|z,[ =s} +sl =25}

1 1
So,wehaves =s?i==sZands; =s; ==s}
1 1 2 2 2 2

a) SfSZI(ZS)Z(l)(ZS)Z(Z)D $,S,=25,S

E(X+1%)(X, - iY;)
=E(X, X, +YY, + jY, X, - jX.Y,)
= E(X, X, + X, X, + Y, X, + jY, X,)
= 2EX, X, + 2JEY;X,




_Cov(X, X,) _ E(Xi- BX))(X.- BX)) Exx,

So, EX, X, =s %S %, %%,

S xS x, S xS x, S xS x,

_Ez,Z, _ ZEXX, + Z|EYX,
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det(L,)=sZXs2-rrs’s

det(Lz):(l- Ir|*)s 2?2

Notethat for A= 22 bS, At=_ 1 &l 'bS
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c) Define B:(Xlinixz’YZ)T
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a8X, 0 aEX, X, EXY, EXX, EX)Y,6
Sy T “EYX, EYY EYX, EYY,_.
LR:ERRT:E(; l+(Xl,Yl,X2,Y2):9 1M 11 19%2 12 =
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gsxls Xy ' Xy, Xy les X, Yy, Xy S>2<2 0 —
8- S XIS er Yi,Xp S XIS X' XXy 0 S\Z B
B, /s 2 0 r Xg, X5 Y, X,
0 s, /s r -
L. :ESlS zg 119 Y, X, X1, %,
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It can be shown that
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-1 _ 2 ¢ 0 SZ/Sl “Tyx, 'rxl,xzf
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It can also be shown that
eea 0 c -do
0 ad c’
det& = a’b’ - 2abd® - 2abc® +c¢* + 2¢*d* +d*
¢cc d b *
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o Joet(L,)= S:‘ (1 rf)
From part (b) we have det(L , )= (1- " |2)sfs§

Thereforeﬂldet( ) det(4 )

e) Wewanttoshow that f, ., \ (X.¥.%.Y,) =, , (2.2)
where

1 (2L, 1z
le’zz(zl’zz):pzT(L)e()L (2)

fxl Yy, X5, YZ(Xl Y1 %s; YZ \/det

2=(2,2) = (% + iV %+ i¥,)

=00 %% ,)'
| First, compare pdet(L,) and (2p)° /det(L )

2p)°Jdet(L ) =4p> [det(L ) :@zw:pqu(Lz)

Il. Next, compare z'L 'z and E[TLR r
2

a3, 0

¢ TP+ __ . B - B
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Re{r ;122} = Re{(r . x, T jrylyxz)(xl- jY1)(X2 + jYZ)}
=TI xl,xlexz +r Xq, X, YiYs - rvl,xsz/z + r\(l,x2 V1%

= (X% NY2) + T (V- T x)



&,/s, 0 “Tyx, T
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ad g 0 s,/s; ~-r -r gy
1 TI— = 2 1 Y. X, Xlx2 g 1=
( | | )S 528 r I’ (X1 Y X, yz)g rxl x, ~Tyx, Sl/S2 TCx,t
8rY1X2 Ty x, 0 s, /s ﬂgyzg
=(x +yl)si+(x +yz)SZ

- 2((Y1Y2 + X1X2) My, x, ¥ (Y1X2 - X1Y2) r Yl,XZ)
ZSZ +| |2$l
S, S,

- 2((Y1Yz XX )I’ X,,X, +(Y1X2 : X1Y2)rvl,x2)
=|a[ 2 +|Zz| - 2Re]r 22

Therefore, ((1 Ir |2)sls 2)gTL‘Zl_z = (1- Ir| ) s,S 2iéél‘rTL ro
@

=lz['

And Z'L}'z = ErTL
5F
F— Sl Ay
Fromlandll,wehave%e'(z) L") = - ! e "
praa(L,) () Jau L)
1 AT
Hence, | f VX, Y,)=——— e @@ opp
xovoor, (% Yo %1 ¥z) o7 det(L,) Q
Proper Gaussian is preserved under linear filter:
complex z(t) complex complex w(t)
_— h(s,t) _—

Linear

w(t) = (sit)z(s)ds

If {Z(t)} is proper Gaussian, so is{w(t)}

If {Z(t)} is O-mean proper Gaussian, so is{w(t)}
EW (u)W(v) = Egh(s, u)z(s) dscn (stv)z(s9 s
—Ec‘Q‘j1(su) ( V) z(s) (9 dsds¢
= @n(su)h(stv)(E(z(s)z(s9)) dsdst

0

=0




- For non-zero mean case, we have

E(z(s)2(s9)- Ez(s)E2(s9 =0

EW (u) = th(s,u) Ez(s)ds
EW (v) = th(stv) Ez(s9 dst
EW (u)W (v) = @(s,u) h(stv) (E(z(s) z(s9)) dsdst as before.
EW (u) EW (v) = th(s,u) Ez(s)dsci(stv) Ez(sd dst

= (s u)h(stv) (Ez(s) Ez(s9) dsdst

EW (u)W(v) - EW (u) EW (v)
= @(S,u)h(stpv)(E(z(s)z(sﬂ))- Ez(s) Ez(sﬁ))dsdsd

=0




