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• Sufficient ( )t y  is a minimal sufficient statistic if, for any other sufficient t% , there is 
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Setup 
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• Hypothesis: ( ): ~ ;iH Y p y θ  iθ ∈ Λ , i = 0, 1, …, M-1. 
• Observation space Γ . 



• A deterministic detector δ : yv  → {0, …, M-1}. Partitions the observation space Γ  

into K disjoint subsets iΓ  and identify iΓ  with iΘ . When { }i iθΘ = , { }: iδ θΛ → . 
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• The detection D = d is a realization according to ( )D yδ
v v∼ . 

• Cost: ( ), Cost C i iθ θ= → . ( ), Cost C i j j i= → . Uniform cost: [ ] ,, ,i j jC i Cθ θ= ∈Λ . 

Assume ij iiC C>  for all i, j. 

The Bayesian Detector 
• Bayesian / Bayes Risk: 
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• Bayesian Detector Bδ  = ( )argmin R
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error. 
• Binary Simple Hypotheses: [ ]0 0Prπ θ θ= = , 1 01π π= − .  

• 
0,B πδ = Bayesian detector for prior 0π  
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• Uniform cost with identity cost matrix Composite Binary Hypothesis Testing 
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Minimax Detection 
• Minimax detector/rule/criterion: ( )minmax Rθδ θ

δ . 

• If we know ( )~ iπ θΘ  iθ∀ ∈Λ  i∀  then minimax detector is ( )minmax kk
R
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• Simple binary hypothesis testing : 
• Risk for δ  given prior π0 = π  : ( ) ( ) ( ) ( )

0 1
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π) 
• π∀ δ∀ ( ) ( ),, , Br r ππ δ π δ≥ . 
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• ( )argmaxL V
π

π π∃ =  = least favorable prior. 
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• ,B πδ  = the Bayesian detector designed at π . 

( ), argmin ,B rπ δ
δ π δ= . 

Minimum Bayesian risk given prior: ( ) ( ) ( ),, , ,Br rπν π π δ π δ δ= ≤ ∀ . 

• Solving for Minimax detector for binary simple hypotheses: 
• Equalizer rule: If there exists a prior Lπ  such that ( ) ( )0 1, ,L LB BR Rθ π θ πδ δ= , then 

Lπ  is the least favorable prior ( ) ( )( )LV Vπ π π∀ ≥ , and the minimax detector 
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• The minimax risk = ( ) ( ) ( )0 1, ,L LL B BV R Rθ π θ ππ δ δ= =  for all cases. 

• A detector Mδ  is minimax if it satisfies the equalizer rule ( ) ( )
0 1M MR Rθ θδ δ=  and 

there exists a prior Lπ  such that ( ) ( )
0L MV Rθπ δ= . 

• Randomized Bayesian Detector: 
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• The equalizer rule remains valid for composite hypotheses. If the min Bayesian risk is 

differentiable at the least favorable prior, then the Bayesian detector is the minimax 
detector. 

Neyman-Pearson Detector 
• ( )min

K
Rθδ

δ  subject to ( )
i iRθ δ α≤ , i < K. 

• Binary Hypotheses: ( ): ;iH Y p y θ∼ , iθ ∈ Λ , i = 0,1. H0 : null hypothesis. H1: the 
alternative. 

• Simple binary hypotheses: ( )0 0: ;H Y p y θ∼ ; ( )1 1: ;H Y p y θ∼ . 0Γ : acceptance 

region; 1Γ : rejection region. 

• False alarm (I) ( ) [ ] ( ) ( ) ( )( ); Pr 1; ;FP D y p y dy E yθδ θ θ δ θ δ= = = =∫  0θ∀ ∈ Λ . 

• The size  / level of a detector ( ) ( )
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= . 

• Miss detection (II) ( ) [ ] ( )( ) ( ) ( )( ); Pr 0; 1 ; 1MP D y p y dy E yθδ θ θ δ θ δ= = = − = −∫  

1θ∀ ∈ Λ . 

• The power of a detector = ( ) [ ] ( ) ( ) ( )( ); Pr 1; ;DP D y p y dy E yθδ θ θ δ θ δ= = = =∫  

1θ∀ ∈ Λ . 

• ( ) ( ); 1 ;D MP Pδ θ δ θ= −  1θ∀ ∈ Λ .  ( );FP δ θ  and ( );DP δ θ  has the same formula but 
using θ  from different sets. 

• Uniformly most powerful (UMP): A size α detector UMPδ  is UMP if δ∀  of size ≤ 

α, ( ) ( ); ;D UMP DP Pδ θ δ θ≥  1θ∀ ∈ Λ . ( δ∀ ( ) ( ) ( ) ( ); ;UMP D UMP DP Pα δ α δ δ θ δ θ≤ ⇒ ≥  

1θ∀ ∈ Λ .) 

• For simple binary hypotheses, 
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• For simple binary hypotheses, NP detector is 
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• Neyman-Pearson Lemma for simple binary hypotheses: 

1) Optimality. Any ( )
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( ) [ ]0,1yγ ∈  is the best of its size. 

( ) ( ) ( ) ( )( )* *
D D F FP P P Pδ δ η δ δ− > −  for all δ. 

2) Existence. [ ]0,1α∀ ∈ , there exists a detector of the form above. 
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( ) 0 0Pr ;L y η θ>    is a complimentary distribution function, right 

continuous, and monotonically decreasing. 
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( ( ) ( )0 0Pr ; Pr ;FP L y L yα η θ γ η θ= = > + =       .) 

3) Uniqueness. If δ ′  is a size α NP detector, then ( )yδ ′  has the form above except 
perhaps for a set of y with zero probability under both H0 and H1. 

• Note: 1) ( ) [ ] ( ) ( )*
1 1 1Pr 1; Pr ; Pr ;DP D L y L yδ θ η θ γ η θ= = = > + =       . Since 

( ) 1Pr ;L y η θ>    is also monotonically decreasing, we want low η  to get high 

( )*
DP δ . 2) Helpful to plot ( ) 0Pr ;L y η θ>    vs. η. 3) Can work with ( )t y  in 

stead of L(y) when the transformation is 1:1, increasing. 
UMP detector 
• Let θ  be a real parameter. The real-parameter family ( );p y θ  has monotone 

likelihood ratio (in ( )T y ) if θ θ ′∀ < , ( );p y θ  and ( );p y θ ′  are distinct and 
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′ =  is a nondecreasing function of some real valued ( )T y . 
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 when ( )Q θ  is monotone. 3) 

i.i.d. Bernoulli, ( ) k
k

T y y= ∑v . 

• One-sided Hypotheses Testing: ( )0 : ;H Y p y θ∼  *θ θ≤ . ( )1 : ;H Y p y θ∼  *θ θ>  (or 

1 *θ θ θ> ≥ ). 

• The Kalin Rubin Theorem: Let θ  be a real parameter and let ( );p y θ  have 

monotone likelihood ration in ( )T y . For testing the one-sided hypotheses, there 



exists a size α UMP detector of the form  ( )
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• Given any 1 2θ θ< , and *δ  with NP form. Then ( ) ( )* *
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• Two-sided Hypothesis: ( ) ( ) ( ) ( ) ( ); a T y bp y h y e θ θθ −=  with nondecreasing ( )↑  ( )a θ . ∃  
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 where c1 < c2 and γi are determined by 

( ) ( )
1 2

* *y yθ θδ δ α   = =   E E . 

• If H0 is surrounded by H1, then suspect no UMP detector. 
Bayesian Estimaion 
• Estimate random ( )~ p θΘ  from ( )~Y p y θ . The cost is ( )ˆE C Θ − Θ  . Bayesian 

estimator θ̂  minimize ( )( )ˆE C Yθ − Θ  . ( )B̂ayesian yθ  = ( )ˆ
ˆargmin R y

θ
θ . ( )ˆR yθ  = 
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• Linear observation model:  Let Y HS W= +
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, S
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 W
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N , then the MMSE estimator is 



( ) ( )1H H
WS S S SS Y H H H Y Hµ µ
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• Given y, assume 1) ( )ˆC θ θ−  is symmetrical, i.e. ( ) ( )C x C x= − , and convex ∪, 

2) let ( )m̂ E yθ = Θ , then ( )p yθ  is symmetrical with respect to m̂θ , i.e. 
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argmin1
n

n

p y d

θ θ

θ
θ θ

θ θ

∆ ∆
+ +

∆ ∆
− −

− ∫ ∫L  = 

( )
1

1

ˆ ˆ
2 2

ˆ
ˆ ˆ

2 2

argmax
n

n

p y d

θ θ

θ
θ θ

θ θ

∆ ∆
+ +

∆ ∆
− −

∫ ∫L . Let 0∆ → , then ( )M̂AP yθ  = ( )
ˆ

argmax p y
θ

θ . 

• MSE For ˆ 0X X − = 
vE  unbiased, ( ) ( )( )ˆ ˆ ˆ H

Cov X X X X X X − = − −  
Ev v v

. 

( ) ( )( )2 2

1

ˆ ˆ ˆ ˆtrace
n

i i
k

MSE X X X X X Cov X X
=

   = − = − = −      ∑E Ev v
. 

• Linear MMSE: 0Θ =E v
?. Given zero mean random variables Yi, i = 1, …, n,  

• Θ̂  = *

1

n
H

i i
i

f Y f Y
=

= ∑
v v

. ( ) 1
H H Hf Y YY

−
   = Θ   

v v vvE E  minimizes MSE = 

2ˆ Θ − Θ  
E  to ( ) 12 H H HY YY Y

−       Θ − Θ Θ      
v vv vE E E E . 

• Θ̂  is the orthogonal projection of Θ  onto { }1span , , nY Y… . 

• ˆ 0 Θ − Θ = E v
 

• For nY ∈
v

C , mX ∈
v

C  , ( ) 1
H H HF XY YY

−
   =    

v v v vE E . 

• ˆTX  is the linear MMSE estimate of TX
v

. 
• X̂  is also the optimal linear estimate using the weighted cost function 

( ) ( )min
H

HH H

F
X F Y X F Y − Λ −  
v v v vE  for any 0Λ ≥ . 



• Linear observation model: Y HS W= +
vv v

, 0
S

W

  
=  

   

v
vE , 

0
,

0
SS

WW

S S
Cov

W W

  Σ     
=        Σ     

vv

v v

v v
v v , then the linear MMSE estimate of S

v
 is given by 

( ) 1ˆ H H
WWSS SS

S H H H Y
−

= Σ Σ + Σvv vv v v
v

. 

• Affine MMSE estimator: Given random vector Y
v

.  If Y  
vE  and X  

vE  are known, 

then the MMSE affine estimator of X
v

 by Y
v

 is given by ( )1ˆ
X XY Y Y

X Yµ µ−= + Σ Σ −v v v v v
v

. 

( ) 1ˆ
X XY Y YXCov X X −− = Σ − Σ Σ Σv v v v vv

v
. ˆ 0X X − = E v

. 

( ) ( ) 1ˆ ˆ ˆ, , XY Y YXCov X X Cov X X −= = Σ Σ Σv v v vv
v

. 

• If T is nonsingular and u Ty=v v , then the MMSE affine estimator of xv  using yv  is 
the same as that using uv . 

• If W
v

 and 
X
Y

 
 
 

v
v  are uncorrelated, and V BX W= +

v v v
, then the MMSE affine 

estimator of V
v

 using Y
v

 is given by ( ) ( )1

affine,MMSE

ˆ ˆ
X XY Y YV Y BX B B Yµ µ−= = + Σ Σ −v v v v v

v v
, 

( )ˆCov V V−
v

 = ( )( )ˆ H
WB Cov X X B− + Σ v

v
 

Point Estimation 

• Criterion: Minimize MSE (risk) ( ) ( ) ( )
2

for a fixed 

ˆ ˆM g g Y gθ
θ

θ = −  
E v

. 

• ( ) ( ) ( ) ( ) ( ) ( )
2 22

ˆ ˆ ˆ ˆg Y g g Y g Y g Y gθ θ      − = − + −        
E E E Ev v v v

 

• An estimator ( )ĝ y
v

 of ( )g θ  is unbiased if ( ) ( )ˆ 0E g Y g θ  − = 
v

θ∀ . Then, 

( ) ( ) ( )
2

ˆ ˆ ˆM g g Y g Yθ
  = −    

E Ev v
. ; For unbiased θ̂ , ( ) ( )( ){ }ˆ ˆtraceM Cov Yθ θ= . 

Note that ( )( ) ( )( ) ( )( )ˆ ˆ ˆCov Y Cov Y Cov Y aθ θ θ θ= − = + v  always. 

UMVU 
• An estimator ( )ĝ y

v
 of ( )g θ  is UMVU (uniformly minimum variance unbiased) if  1) 

unbiased. 2) For all unbiased ĝ′ , θ∀  ( ) ( )ˆ ˆM g M gθ θ ′≤ . 

• Rao-Blackwell Theorem: Suppose that ( )T Y
v

 is sufficient for θ  and that ( )ĝ y
v

 is an 

estimator for ( )g θ  with ( )
1

ˆE g y  
v  < ∞ for all θ. 



Let ( ) ( ) ( ) ( )*ˆ ˆg y g y T Y T y = = E vv v v
. Then 1) 

( ) ( ) ( ) ( )( )
( ) ( )

*ˆ ˆ
Y T Y

y
T y T y

g y g y p y T y dy
′

′ =

′ ′ ′= ∫ v v
v

v v

v v v v   2) 

θ∀ , ( ) ( ) ( ) ( )
2 2

*ˆ ˆg Y g g Y gθ θ   − ≤ −      
E Ev v

. 3) If components of ĝ  have finite 

variances, then the strict inequality holds unless ( ) ( )*ˆ ˆPr 1g Y g Y = = 
v v

. 

• ( ) ( ) ( ) ( ) ( ) ( )
2 2 2

* *ˆ ˆ ˆ ˆg Y g g Y g Y g Y gθ θ     − = − + −          
E E Ev v v v

 

Furthermore, if ( )ĝ y
v

 is unbiased, then 4) ( )*ĝ y
v

 is unbiased for ( )g θ . 5) (2) can be 

written as θ∀  ( ) ( )*ˆ ˆVar g Y Var g Y   ≤   
v v

. 

• If ( ) ( )( )ĝ y h T y=
v v

, then ( ) ( )*ˆ ˆg y g y=
v v

 

• Lehmann-Scheffé Theorem: If ( )T Y  is complete sufficient, and ( )ĝ Y  is any 

unbiased estimator of ( )g θ . Then ( )( ) ( ) ( ) ( )*ˆ ˆg T y g Y T Y T y = = E  is an UMVU 

estimator. 
• Shortcut: Knowing ( )T Y  is complete sufficient, try finding ( )T Y  E . 

• For one-parameter exponential family, T(Y) is complete and sufficient, if it is 
unbiased, then it is UMVU. 

CRB: Cramér-Rao Lower Bound 

• The score function ( )

( )

( )

( )
1

ln ;

; ln ;

ln ;
K

p y

s y p y

p y

θ

θ
θ

θ θ

θ
θ

∂ 
 ∂ 
 = = ∇
 ∂ 
 ∂ 

M . ( ); 0s Yθ θ =  E . 

• Fisher Information Matrix: ( ) ( ) ( ) ( ); ; ;I E s Y s Y Cov s Yθ θ θ θ′= =        ≥ 0. 

( ) ( ) ( ) ( )
2

ln ; ln ; ln ;ij
i j i j

I p Y p Y p Yθ θ θ θ
θ θ θ θ

   ∂ ∂ ∂
= = −   

∂ ∂ ∂ ∂      
E E  

( ) ( )( ) ( )( ) ( )2ln ; ln ; ln ;
T

I p Y p Y p Yθ θ θθ θ θ θ   = ∇ ∇ = − ∇  
E E . 

For scalar θ, ( ) ( ) ( ) ( )
2

2ln ; ln ; ln ;I E p y p y E p yθ θ θ θ
θ θ θ

 ∂ ∂ ∂ 
= = −   ∂ ∂ ∂   

 

• The Cramér-Rao Bound: Let θ̂  be a scalar unbiased estimator of θ. Then, CRLB: 

( ) ( ) ( )( ) ( )( ) ( )
2 1ˆ ˆ ˆ ˆM Var Var Y Y

I
θ θ θ θ θ θ

θ
 = = − = − ≥  

E  with equality iff 

( ) ( ) ( )( )ˆ; ln ;s y p y Iθ θ θ θ θ
θ
∂

= = −
∂

. 



• Information lower bound: For biased estimator, ( ) ( )ˆ Yθ θ  = Φ E , then 

( )( ) ( )( )
( )

2

ˆVar Y
I

θ
θ

θ

′Φ
≥  with equality iff ( ) ( ) ( )( )ˆ;s x Iθ θ θ θ= − Φ . 

• If ( )ˆ Yθ  achieves information lower bound, then it has minimum variance among all 

estimators ( )Yθ%  satisfying ( ) ( )ˆY Yθ θ
θ θ
∂ ∂    =   ∂ ∂

E E% . Furthermore, if ( )ˆ Yθ  is 

unbiased, then ( )ˆ Yθ  is efficient and UMVU. 

• One parameter exponential family: Let Λ  be an open interval, and ( );p y θ  = 

( ) ( ) ( ) ( )g T yC e h yθθ . Within regularity, 1) the information lower bound is achieved by 

( )ˆ Yθ  if any only if ( ) ( )ˆ Y T Yθ = . Also, 2) T(Y) is complete and sufficient. 3) If T(Y) 
is unbiased, then it is UMVU and efficient. 

• An unbiased estimator is efficient if it achieves CRB. 
• An efficient estimator is UMVU but an UMVU estimator may not be efficient 

(when CRB is not achievable.) 
• If ( )ˆ Yθ  achieves CRLB, then it is the solution to the likelihood equation 

( )
ˆ

ln ; 0p y
θ θ

θ
θ =

∂
=

∂
. 

• ∃  efficient estimator θ̂  ⇒ distribution of the observation must belong to the 
exponential family. The efficient estimator can be found by the ML estimator. 

CRB 

• θ̂  unbiased estimator of θ , then ( )( ) ( )( ) ( )1ˆ ˆ T
Y Y Iθ θ θ θ θ− − − ≥  

E v v v
 with equality 

iff ( ) ( ) ( )( )ˆln ;p y I yθ θ θ θ θ∇ = −v
v v v

 

• Let ( )ĝ y  be an unbiased estimator of ( )g θ
vv , then 

( ) ( )( ) ( ) ( )( )ˆ ˆ
T

g Y g g Y gθ θ − −  
E v vv vv v  ≥ ( )( ) ( ) ( )( )1

T
dg I dgθ θ θ−

v vv v , with equality iff 

( ) ( ) ( )( ) ( ) ( )1ˆ ln ;g y g dg I p yθθ θ θ θ−− = ∇ v
v v vv v v . 

• Let ( )~ ,Y θ θµ ΣN v v
v v

. Then, ( ) 1 1 11
2

T

ij
i i i j

I trθ θ θ θ
θ θ θ

µ µ
θ

θ θ θ θ
− − −

    ∂ ∂ ∂Σ ∂Σ   = Σ + Σ Σ      ∂ ∂ ∂ ∂      

v v v v
v v v

v vv
 

where 
( ) ( )1

, ,

T

n

i i i

θ
µ θ µ θµ

θ θ θ

 ∂ ∂∂
 =

∂ ∂ ∂  

v
v vv

… , ij

k k

θθ

θ θ

 ∂ Σ ∂Σ   =
∂ ∂  

vv
. 

• Let ( )~ ,Y θµ ΣN v
v v

, then ( ) ( ) 1T
I d d

θ θ
θ µ µ−= Σv v
v v v . 

Also, ( ) ( ) ( )1ln ;
T

p y d y
θ θ θ

θ µ µ−∇ = Σ −v v v
vv v v v . 



• Linear model: X H Wθ= +
vv v

, ( )~ 0,W ΣN
v

. Then ( )~ ,X Hθ ΣN
vv

, and 

( ) 1TI H Hθ −= Σ
v

. ( )ln ;p y
θ

θ∇ v
vv  = ( )( )11 1 1T T TH H H H H y θ

−− − −Σ Σ Σ −
vv . 

( ) 11 1T TH H H y
−− −Σ Σ v

 is UMVU, efficient, Gaussian, ML, Least-square. Need 

H full column rank for identifiability. ( )( )11ˆ ~ , TH Hθ θ
−−ΣN

v
. 

• Let ( )~ ,Y
θ θ

µ ΣCN v v
v vv , real θ

v
. Then ( )

ij
I θ 

 
v

 = 12Re
H

i i

θ θ
θ

µ µ
θ θ

−
    ∂ ∂ 

Σ    ∂ ∂     

v v
v

v vv
 + 

1 11
2 i j

tr θ θ
θ θθ θ

− −
 ∂Σ ∂Σ Σ Σ 

∂ ∂  

v v
v v

v vv v
. 

State Estimation 
• State Estimation: 1) states: 1n n n nS A S U+ = +

v v v
. 2) observation: n n n nY H S W= +

vv v
. Known 

distribution of 0S
v

, input sequence { }nU
v

, observation noise { }nW
v

. 0 0 1E S s −  = 
v v , 

0 0 1VAR S −  = Σ 
v

. Find the MMSE estimator of nS
v

 given 1, ,n nY Y −

v v … , i.e., 

1ˆ , ,n n nn ns S y y − =  
v v v …E . 

Discrete-Time Kalman–Bucy 
• 1n n n n nX F X G U+ = + , n n n nY H X V= + . ( )t tQ Cov U= , ( )t tR Cov V= .   

[ ]00 1X̂ E X− = , ( )0 00 1 Cov X−Σ = Σ =    ( )1
01
t

tt t Cov X Y −
−Σ =

v v
   Kalman gain matrix 

( ) 1

1 1
H H

t t t t tt t t tK H H H R
−

− −= Σ Σ + .   ( )0 1 1
ˆ ˆ ˆt

t t t tt t t t t tX X Y X K Y H X− −
 = = + − 

v vE .   

1 1t tt t t t t tK H− −Σ = Σ − Σ .  1 01
ˆ ˆt

t tt t t tX X Y F X++
 = = 

v vE  .   1
T T

t t t t tt t t tF F G Q G+Σ = Σ + . 

Kalman Filtering 
• Notation: { }1, ,t

t ty y y−∞ −=
v v v … . 1

1
ˆ t

tt ts E S y −
−∞−

 =  
v v  = the MMSE prediction of tS

v
 from 

the past samples. ( )( )1 1 1ˆ ˆ
H

t
t tt t t t t tE S s S s y−∞− − −

 Σ = − −  

v v v
. ˆ t

tt ts E S y−∞
 =  
v v  (the 

MMSE filter.) ( ) ( )ˆ ˆ
H

t
t tt t t t t tS s S s y−∞

 Σ = − −  

v v vE . 

• Gaussian Model: { }nu
v

, { }nw
v

 are zero mean, independent, Gaussian. [ ]
nU n nE u u ′Λ =

v v
. 

[ ]
nW n nE w w ′Λ =

v v
. ( )0 0 0~ ,s N s Λ

v v
 independent of { }nu

v
, { }nw

v
. 

• Initialization: 00 1ŝ E S−  =  
v

, 
0 000 1 S S

VAR S−  Σ = = Σ  v v
v

, 00 1 0 1
ˆ ˆy H s− −= . 

• Measurement Update: filtering: ( ) 1

1 1 kk k k kk k k k WK H H H
−

− −
′ ′= Σ Σ + Σ v  

 ( )1 1
ˆ ˆ ˆk kk k k k k ks s K y y− −= + −v  1 1k kk k k k k kK H− −Σ = Σ − Σ  



• Time Update: prediction: 1
ˆ ˆkk k k ks A s+ =    1 kk kk k k k UA A+

′Σ = Σ + Σ v    

11 1
ˆ ˆkk k k ky H s++ +=  

• Same formula for linear MMSE of non Gaussian. 
Example 

• Normal i.i.d.: 
1

ˆML ky
n

µ = ∑ ; ( )22 1
ˆ ˆML k MLy

n
σ µ= −∑  biased. 

• Exponential i.i.d.: ( ) ( ) ( )1

1 1

; 0 0

n

i
i i

n ny
y n

i i
i i

p y e I y e I y
θ

θθ θ θ =

−
−

= =

∑  
= > = > 

 
∏ ∏v . 

( )

1

1ˆ
n

i
i

n
y

y
θ

=

−
=

∑
v  is UMVU. ( )

1

M̂L n

i
i

n
y

y
θ

=

=

∑
v  biased. 

• ( )
. . .

~
i i d

iX λP . ( )
( ) ( )

( )
1

1

1

1 1

1
; ;

! !

n
ni

i i
i

x
n nx

n
in n

i
j j

j j

e
p x e x h x

x x

λ
λλ

λ λλ
=

=

−
−

=

= =

∑
∑  = = =  

 
∑

∏ ∏
v v . 

• ( )
. .

~ 0,
i i d

iX θU . ( ) { }( )
{ }( )

{ }( )
max ,

1
; max min 0

i

i in

g x

p x I x I x

θ

θ θ
θ

= < >v
144424443

. ( ) { }max it x x=
v

is 

complete and sufficient. ( ) { }1ˆ max i

n
y y

n
θ

+
=v  is UMVU. 

• Binary i.i.d.: ( ) ( )1
1; 1

n
n

k
kk

k

y
n y

p x θ θ θ=
=

−∑ ∑= −
v

. 
1

n

k
k

y
=

∑  is complete and sufficient. 

1

1ˆ ˆ
n

ML UMVU k
k

y
n

θ θ
=

= = ∑ . 

• Binomial: ( ) ( ); 1
n yyn

p y
y

θ θ θ
− 

= − 
 

; y is  complete. No unbiased estimator for 

( ) 1
g θ

θ
= . 

ML Estimator 
• The ML estimator of parameter θ

v
 from ( )~ ;Y p y θ

vv v  θ ∈ Θ  is ( )M̂L yθ
v

 = 

( )argmax ;p y
θ

θ
∈Θ

vv
 = ( )argmaxln ;p y

θ
θ

∈Θ

vv
. 

• The best linear unbiased estimator (BLUE) is B̂LUE BLUEA yθ = v  where 
2

argminBLUEA AYθ = − E  subject to [ ]AY θ=E . 

• For linear model X H Wθ= +  with zero mean noise, ˆ ˆ
BLUE MLθ θ= . 



• For the K-parameter exponential family, let C  be the interior of the range of 

( ) ( )( ){ }1 , , ,
T

Kc cθ θ θ ∈Λ… . If ( ) ( )i it Y t y=  E , i = 1, …, K have a solution ( )ˆ yθ  

for which ( ) ( )( )1
ˆ ˆ, ,

T

Kc cθ θ ∈C… , then θ̂  is the unique ML estimator of θ . 

• Invariance: Let ( ) : ontog θ Θ→Φ , ( ) { }1 : :g A Aφ− Φ→ ⊂ Θ  be the inverse 

image. Define ( )
( )

( )
1

; sup ;
g

y p y
θ φ

φ θ
−∈

l @ . If M̂Lθ  is the ML estimate of θ , then 

( ) ( )ˆ ˆargsup ;ML MLy g
φ

φ φ θ
∈Φ

=@ l . 

• ( ) ( )
( ) ( ) ( )

( )0

0 0
0 0

; ;
ln ; ln 0

; ;y

p Y p y
D p y dy

p Y p yθ

θ θ
θ θ θ

θ θ

 
= ≥ 

  
∫E@  with equality iff 

( ) ( )0; ;p y p yθ θ=  a.e. If 0θ  is identifiable, then ( )0 00D θ θ θ θ= ⇔ = . 

• 0θ  is the global minimum of ( )0D θ θ , and ( ) ( )
00min max ln ;D p Yθθ θ

θ θ θ
∈Θ ∈Θ

⇔   E . 

• For i.i.d. Yi, ( )
1

1ˆ argmax ln ;
N

ML i
i

p y
Nθ

θ θ
=

= ∑  ( )
0

argmax ln ;n p Yθθ
θ→∞→   E . 

• To solve for ML: ( ) ( ) ˆ
; ln ; 0

ML

s y p y
θ θ θ

θ θ
=

= ∇ =v v
v vv v . 

• Newton-Raphson: ( ) ( ) ( )( )( ) ( )( )( )1 1 ; ;k k k kJ y s yθ θ θ θ+ −= − . 

( ) ( )2; ln ;J y p y
θ

θ θ= ∇ v
vv . 

• Scoring Method: ( ) ( ) ( )( ) ( )( )( )1 1 ;k k k kI s yθ θ θ θ+ −= + . 

• Let the complete data 
S

Z
Y

 
=  

 
 ~ ( );p z θ . Only ( )~ ;Y p y θ  is observed. 

• ( ) ( )( ) ( ) ( )( ) ( )( ) ( )( )2 1 1 1 2 1, , ln ; ln ;Q Q p y p yθ θ θ θ θ θ> ⇒ ≥ . 

• EM: ( )( ) ( ) ( ); ln ;k

kQ p Z Y y
θ

θ θ θ = = E , ( ) ( )( )1 argmax ;k kQ
θ

θ θ θ+ = . 

• If distribution of S does not depend on θ, 
( )( ) ( ) ( ); ln ; constantk

kQ p Y S Y y
θ

θ θ θ = = + E  

• Asymptotically unbiased ≡ ( )( )ˆlim 0
n

Yθ θ
→∞

− =E  

• Consistency: (d) distribution ( ) ( )ˆlim
n

p pθθ
θ θ

→∞
= , (p) weak 

( )ˆlimPr 0
n

Yθ θ δ
→∞

 − > =   θ∀ , (w.p.1) strong ( )ˆPr lim 1
n

Yθ θ
→∞

 = =  θ∀ , (m.s.) 

mean square ( )
2ˆlim 0

n
Yθ θ

→∞

 − =  
E . (w.p.1) ⇒ (p) ⇒ (d). (m.s.) ⇒ p. p and 

bounded Θ  ⇒ (m.s.) 
• Asymptotically Normal: ( ) ( )( )ˆ ~ 0,n Nθ θ θ− → Σ .  



• Asymptotically efficient (BAN: best asymptotically normal) ≡ 
( )( )
( )

ˆ
lim 1
n

Var Y

CRB

θ

θ→∞
= . ≡ 

( ) ( )1
0

ˆ ~ 0,n N Iθ θ −− → ; ( ) ( )0

1
lim
n

I I
n

θ θ
→∞

= . 

• Yi i.id. Under regularity conditions, 1) ( )ˆ n
MLθ θ→  (weak). 2) ( )ˆ n

MLθ is asymptotically 
Gaussian and asymptotically efficient. 

Sequential Detection 
• Fixed sample size (FSS) detector. Example: Consider the n-sample simple binary 

hypotheses H0 vs. H1 : ( )2~ ,
iid

i k iY µ σ=H N , i = 0, 1, k = 1, 2, …, 1 0µ µ> .  Then 

( )
2 2

1 0 1 0
2 2

1

ln
2

n

n k
k

L Y Y n
µ µ µ µ

σ σ=

− −  = −  
  

∑
v

. 

( )

( ) ( )

( ) ( )

2 2
1 0 1 0

12 2

2 2
1 0 1 0

02 2

, ,
2

ln ~

, ,
2

n

n n

L Y

n n

µ µ µ µ
σ σ

µ µ µ µ
σ σ

  − −
  

   


 − −
−     

v
N H

N H

. The minimum n such that the 

optimal detector has size < α, and power > β  is ( ) ( )( )
2

1 1

1 0

n Q Q
σ

α β
µ µ

− − 
= − − 

. 

• Simple binary hypotheses H0 vs. H1. ( )~ ;
iid

i k iY p y θ=H , k = 1, 2, … 

• A sequential detector ( ),φ δ  is defined by 1) stopping rule sequence [ ]nφ : 

( ) { }
1  stop data collection & make decision

: 0,1
0  continue data collection

n
n nyφ

≡
= → ≡

v ¡ .terminal decision 

rule sequence [ ]nδ : ( ) Pr 1n n n ny D Y yδ  = = = 
vv v . 2) Stop 

time: ( ) ( ){ }min : 1k kkN Yφ φ= =
v

. 

• The sequential probability ratio test: 

SPRT(A,B): ( ) ( )
( )

1

0

;
;

n
n

n

p y
L y

p y
θ
θ

=
vv v , 

( )
( )

( )
( ) ( )

,  
1  stop,

or 

0, ,

n

n n n

n

L y B

y L y A

L y A B

φ

 ≥
≡

= ≤
 ∈

v
v v

v
, 

( ) ( )
( )

1,
0,

n
n n

n

L y B
y

L y A
δ

≥
=  ≤

vv v  

 

B′  
B 

A 
A′  

( )nL yv  

n 

Choose H0 

Choose H1 

 



• SPRT is optimal in the Bayesian problem. SPRT satisfies
1
1

A
β
α

−
≥

−
 and B

β
α

≤ . 
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• Wald’s Approximations : Given α and β , the optimal SPRT(A,B) can be 

approximated by ( )SPRT ,A B′ ′  with 
1
1

A
β
α

−′ =
−

 and B
β
α

′ = . 

• 
1 1
1 1

A A
β β
α α

′− − ′≤ = ≤
′− −

 
?
<  B B

β β
α α

′
′≤ = ≤

′
⇒ α < β . 

• ( ) ( ), ,A B A B′ ′⊂  ⇒ the approximation requires more samples. 
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Decorrelation 
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