Suboptimal Receivers
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/L t=kT
e I e A r_(t)/_> ks

rlk] give sufficient statistics.

r[k] satisfies the equivalent discrete-time model

r[k] = p[k]*s[k] + w[k]—zw(z) =p(z)s(z)+w(z)
o wlk] z(n(t)*h*(—t))
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p[k]ﬂr—)QDTFT (a)) = k_i (%QA(% + kZTﬂ-]j = _i x[n]e*jw
e If n(¢) is white with PSD Ny, then R, [k]= N, p[k]—2>S,,(z) = N,p(z). (Not white unless p[k] =

5[],
Proof Let g(¢)=h"(—t).Because w[k]|= (n(t) * g(t)) > We know that
RWW[k] =N, (g(t) * g* (_t)) kT Ny (h* (_t) * h(t)) - OIO[k]'

e The noise sequence w[k]| can be generated by a white noise with PSD N, and a linear stable causal monic
phase filter f(z).

t=kT

Proof We know that p(z) = p"(z); thus, its poles and zeroes are located symmetrically with respect to
the unit circle. We can then factorize p(z) into y8(z) " (z) where the poles and zeroes of
p (z) are the poles and zeroes of p(z) that are located inside the unit circle. By choosing the
ROC of g (z) such that it includes the unit circle and extends outward, S (z) is stable, causal,

and minimum phase.

Now, if we filter white noise 7(z) with PSD N with S3(z), the output will be N,B(z)B"(z).

To create white noise with PSD y, we can scale white noise with PSD N, by /NL .
0

Linear algebra

. <y[-],x[-]>: i x[n]y [n] :iTX(ej‘”)Y*(ej‘”)da)

o B = Sl - v (e)

Correlation and Correlation Spectrum

2
dw

o Z-tranform: X(z) = Zx[n]z’" ; 0<SR,<|z|<Rp<

n=-—00






Proof X#(L*J:X*(zo)zo*zo.

Zy

limX(z) =00 = linllX#(z) =0, limX#(z) =00 = lirrllX(z) =0,

Proof Use X#( l*j:X*(zo).

Zy

If X (z) =X’ (z) , then its poles and zeroes are located symmetrically with respect to the unit circle.

Proof X(z,)=0 = X#( l*jzo.Thus, X[ l*jz)(#[ I*Jzo.
limX#[i*J
Z>Z z

Zy Zy Zy
1 1 . .
So, — is along the same line
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Note also that — (ij ; thus Z[LJ = /z, and

Z |Zo| |Zo| 2

=00 =

lim X(z)
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=00, Thus, =00,
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from origin as z,, but its magnitude is H Also,
2o

If g(2) is monic and causal, then g* (z) is monic and anti-causal.

—|>1<]z| <1 and 1|z, >1.

*

0

0

o0

Proof g(z) is monic and causal; thus, it can be written in the form g(z) =1+ Zakz
k=1

—k

j =1+ (iak (z*)k] =1+ iakzk . Thus, g"(z) is monic and anticausal.
k=1 k=1

g#(2)=g*(

If g(z) is SCAMP, then g™ (z) is also SCAMP.

1
Z*

Proof g(z) has all of its zeros and poles inside the unit circle. Now, the zeros of g~ (z) are the poles of
g(z) and vice versa. Thus, zeros and poles of g™ (z) are also inside the unit circle.

So, if we define the ROC if g™'(z) to be exactly outside the outermost pole, then g™'(z) is causal,
stable, and minimum phase.

. L . 1 C _ .
Because g(z) is monic, ‘1‘1m g(z)=1. Therefore, ‘1‘1m g '(z)= 1= 1, which implies that g™ (z) is

also monic.

If g(z) is SCAMP, then g™ (z) is monic, anticausal, stable, and maximum phase.

Proof g(z) is monic and causal; thus g”(z) is monic and anti-causal.



2o is a zero/pole of g(z) if and only if i is a zero/pole of g”(z). Thus, All poles and zeros of g*(z)
V4

0
are outside the unit circle. So, g" (z) is maximum phase. If de define the ROC of g™ (z) to be the

disc inside the innermost pole, then g” (z) is stable (and anti-causal.)

x[k]* z x[n]y [n-k]—2s X ()7 (2) = 3 ( 3 x[nly*[n—k]jz'k

— k=—00 \ n=—0

Given WSS x[n],y[n]

R [k]= E[x[n]y* [n— k]]L)SX},(z);E[X(Z)Y#(z)] power spectrum density

R [H]= = [ 5, (e)e  dos, (¢) = 3 R [nf

R, [-k]=R, [k].

Proof R*x[—k]:(E[y[n]x*[n+k]])* = [ [ ] [n+k]] = [y [n — ]x[n ]] y[k].

S (2)=5,(2)

Proof Because R, [-k|—"—S) (z),and R [k]——S, (z), the equality R [-k]=R, [k] implies
81 (2)=5,(2)-

Ry [-k] =Ry [k], Six(2) =Sy (2).

S (ej‘”) is real

Proof From S, (z)=S,(z), we have S}, (ej“’) =S, (e-’”) :

By definition, we have S%, (ej“’) =S, [ﬁ} =S (ej“’).

Thus, S}, (ej"’) =S (ej“’) .

White process x[k] = S, (Z) =E = EU’C[”]H
R0 = [ {4l |- JJs. (e

Proof R_[0]= 2— .[ Sxx jo“’d =— I S,
T

Linear filtering of a WSS process



x[k] HA] y[k]

WSS WSS

A 4

o R[k]=Ry[k]*h[k]* "[-k]

Proof y[m]=x[m]*h[m]="3 x[m—n]h[n]

n=—x0

y[m —k] = ngwx[m -k —n']h[n']
y*[m —k] = niwx*[m —k—n']h*[n']

R (6] ELs )y =] 2] 3 slm-alilo]| 3 o -k-] (]

n=-—o n'=-o0

= i i E[x[m—n]x*[m—k—n']]h[n]h*[n']

00 1

z ZR [k +n'=n]h[n]i [']
R KA )= 3 R k] 8 4

n=—0

* S,(2)=H(2)H(2)S.(2)
Proof Directly from R, [k]=R,[k]*h[k]*h [-k].

'S, (e")

e For an FIR filter with white input (S (z)=E, = E[‘x[n]‘z}) ,

e 5, (ej‘") = ‘H(ej”)

© S,(z)=EH(2)H(2)
e The PSD of the output has zeros symmetrical around the unit circle.
Proof Because H(z))=0 < H' (LJ =0.Thus, S, (z)=0=S, (L]

Z Z

0.

o Filter A[k]



B(z) . ..
An LTI filter H (z)= is minimum phase

A(z)

if all its poles and zeros are inside the unit circles |z| =1.

if both it and its inverse are stable.

e — causal.

A polynomial of the form H (z)=h,+hz" +...+ hyz" =k, (1 —zz" )(1 ~ 2,z ) : ~(1 - zNz’l) is minimum
phase if all of its roots z; are inside the unit circle, i.e. |zi| <1.

Monic if #[0] = 1.

Causal = [monic < lim H (z)=1]

2>
If rational H (z) , minimum phase if all its zeros are inside the unit circle.
For a causal minimum phase 4[], the partial energy S[n] = Z‘h[k]‘z is maximum for all » among all
k=0
sequences with the same energy. Thus, minimum-phase signals are maximally concentrated toward time 0

among the space of causal signals for a given magnitude spectrum.

Spectral Factorization

e Let x[k] be a stationary process with power spectrum density S, (z)= E[X(Z)X# (z)] .

If I InS (ej ¢ )da) > —oo, then there exists a ¥ > 0 and a unique stable, causal, monic, and minimum

phase (SCAMP) filter g[k]—2—>G(z) suchthat S_(z)=yG(z)G"(z), y=e" ~
e G'(z) isalso SCAMP.

e Given S_ (z) , we can generate x[k] (in fact, generate sth. that has the same spectrum as x[k]) using a

linear filter G(z) with white input.

Whittle’s Construction:

If InS_(z) isanalyticin p <|z|< L (p <1), then it has the Laurent expansion InS, (z)= Y ¢,z
o

where ¢, = ZL j InS, (ej”)ejk‘”da)%ln S, (ej“’). cx is real and even. (??)
T

0

-1 » w »
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Then S, (z) =e~ =e-"  eYet =e%e et

Define



z

ickz’k . Zc, ZC,LZ ickz ZC ,Lz
G(z)=€"  .Then G'(z)=G (L*j[e“ [ j } =el  =et  =en |
. G(z) is causal (involving only z*??)

e G(z) is monic because lim G(z)=1.

|2[ >
e G(z) is minimum phase because G™'(z) is also analytical (??)
The Whitening Filter:
Suppose that x[k] is a WSS process with PSD that admits the spectral factorization S_ (z)=yG(z)G"(z),

— lnS( )dw
y=e "

If x[k] be the input of a SCAMP filter, then, among the set of SCAMP filters, the whitening filter

1
“O50
1 IS, ( )d(u

E|e] |7 =
Proof For any causal, stable, and monic filter a(z) we have
5,(5)=a(2)a' (2)5.. ()= a(=)a (2)76(2)G" (2)
=ra(z)G(z)a’(2)G7(2)
=1B(2)B'(2)

where ﬂ(z) = a(z)G(z) is causal, stable, and monic.

i ][. InS,, (ef(”)da) i .T Ins,, (ejm)dw
e —e )

minimizes the output variance. In particular, the output y[£] is a white sequence and

}/ =
Applying Jensen’s inequality,
i J- lnSw,(e/“”}d(o 1 f lnSw’(em

y=e °* <— e
2 *




Equality holds if S (ef “’) =7 . (Equality holds if S | (ej “’) is constant. Since B(z)=wa(z)G(z) is
monic, it is a constant iff #(z)=a(z)G(z)=1)
1

G(z .

This happens when a(z) =

~—"

Optimal Linear Prediction
e Given x[t-1], x[#-2], ...,
find a stable linear predictor A(z) (causal, ap = 0)

ﬂﬂzg%ﬂpk}lefﬁyaﬂﬂX@)
e[t] = x[t] - fc[z‘]L)X(z)(l - A(z)) = X(Z)a(z) ; a(z) =1- A(z) .
such that the mean square error € = F Ue[t]‘z} is minimized by a causal monic and stable a(z) .

o IfS (z)=78(z)p"(z), weobtain 4, (z)=1- 02)

Proof Note that a(z) =1- A(z) is causal, stable, and monic.

Because ¢(z)= X (z)a(z), by the whitening filter theorem, the whitening filter ¢(z)= ﬂz )
z
minimizes the output variance, which is € = E Ue[t]ﬂ . From a(z)=1-A4(z), we have
1
A ,(z)=1- .
opi ( ) ﬁ(z)

MMSE Linear Equalizer

e Scalar.

Consider two zero mean random variable s and y. Knowing y, we like to infer s by exploiting the joint
distribution of s and y.

S=f.
e=s— fy. Want to minimize £ |e|" | = E||s - [’ |
e  Completing the squares solution:
8:E[§—s|2]:EDﬁ/—sﬂ:E[(ﬁ/—s)(f*y*—s*)}
=[P E|f |+ E|Iof |- /E[s ]~ 1 E[y's]
|/ R, + R~ /R~ R,




Consider (/= R,R))R, (f = R,R)) =(f - R,R)R, (1= R (R )
(e, -r ) - (5) )
= |f|2 Ryy - Rsyf* - fRyy (Ry_yl )* Rys + Rsy (Ry_yl )* Rys
= |f|2 Ryy - Rsyf* - fRys + Rsy (R;yl )* Rys
=&-R,+R,(R)) R

s

SO, fuuse =R, R and &5, =R —~R (R) R

sy vy ys*

e Geometrical solution:
Want to find § = fy closet to s in the direction of y.

The necessary and sufficient condition of optimalityis e L y = £ [ey*] =0.
E[(s-f)y"]|=E[" |- fE[w"|=R, - R, =0.
Thus, fi: =R, R

syt

E[QWMSE] = E[|e| } = E[|S|2} _E|:|fMMSEy|2j| =R, _E|:

=R RRIRRIR =R, —-R R 'R

Sy Yy sy )y SyS Yy Tys

1 |2
Rs‘yRyyy‘ }

) Ryy is real.

e Vectors: Estimating a WSS random process s[k] by linear-filtering a WSS process y[£].
§(2)=1(2)x(2).
Define e(z)=$§(z)—s(z). Want to minimize S, (z) = E| e(z)e’(z)].
Applying the orthogonal principle, we want ¢(z) L y(z), i.c. E[e(z)y"(z)]=0.
From £[e(2)" (= )] E[(5()-5(2))2" (2)]= E[(£ () () =5(2))»" (2)]
Z)E[y(z z)] E[s(z)y#(z)]

Weneed f,,(z)S,,(z)-S,(z)=0.Hence f,, (z)= S‘Yy(z).

opt




=5.(z) _g%((z;‘gys (2)

MMSE — Minimum Mean Square Error Estimation
MMSE Linear Equalizer

K] 3[#]
—— /() -
e f(z): stable IIR, can be non-causal.
MMSE-DFE
. Sk
rlk] ) gpv(z; j [=]

b(2)

f(z): stable IIR, can be non-causal.

+ Causal b(2). 5[0]=0 [ limb(2)=0). b(z) =tz + bz 4 -

Z‘*)OO

e If do optimally, should be better than MMSE without DFE because b(z) =0 case is included, so the

optimal case should be better.
. . . 2
e C(riterion: f(rgwlbr(lz)EUv[k] - s[k]‘ J .

e Assumption: §[k]=~ s[k].



e(z) = v(z) —S(Z) = r(z)f(z) —b(z)s(z) —S(z) = r(z)f(z)— (b(z) + l)s(z) .
=r(2)f(2)-B(2)s(z)
Note that #(z)=b(z)+1 is IIR, causal, stable, and monic.

Applying the orthogonal principle, we need e(z) L r(z),

E[(r(2)1(2)- B(2)s(2))" (2) ]= 1 (2)5,,(2) - (=), () =0

| 25 -s(2)

5,(2)
~ B(2)é(2)

where &(z) is the MSE of the linear MMSE estimator (without DFE).

The optimal feedback filter is given by choosing a SCAMP g (z) to minimize £ Ue(z)‘z} .

S
So, get B(z) from spectral factorization of S,,(z) =S, (z) —SL((Z;S},S (2).
w\%
Discrete-time Equivalent Channel with MMSE
. r[k] = p[k] *s[k] + w[k]—z—w(z) = p(z)s(z) + W(z)
wa[k] = Nop[k]%‘gww(z) = Nop(z)
SSS(Z) =E .
© S.(2)=p()(p(2)8,(2)+ o)
Proof From r(z) = p(z)s(z) + w(z),

= E[ p(2)s(z) p(2)s" () + w(z) p(2)s" (=) + p(2)s(2)w' (2) + w(z)w" (=) ]
= p(z)p(z)Sﬁ (z) + p# (Z)E[s# (z)w(z)] + p(z)E[s(z)w# (z)} + Sww(z)

From independence of w[k] and s[k], and assuming that the noise is zero mean,



A\ (Z) = p(z)p(z)S‘“ (z) + ,0# (z)E[s# (Z)]E@:({ﬂ/-f— p(z)E[s(z)]Eng/(fﬂJr S, (z)
=p(2)p(2)S,(2)+5,.(2)
We have shown that S, (z) = p(z) N, ; thus, S, (z) = p(z)(p(2)S,(2)+N,).
e Linear MMSE
E
*  fumse (Z) = p(z)E N,

Proof S, (z)= E[s(z)r#(z)]:E[s(z)(p(z)s(z)w(z))#]:E[s(z)(p(z)s#(z)w#(z))]
+E[s(2)w'(2)]

From independence of s and w, we have E [ =FE [s ] M
Therefore, S, (z)= p#(z)SSS(z):p(z)Sss(z).

S, (2)=p(2)(p(2) S (2)+ Ny

fMMSE( ) E ; IO(Z)SSS(Z) _ SSS(Z)

p(z)(p(z)Sﬂ(z)+N0) B p(z)Sﬂ(z)+ N, '

If we assume that s[k] is white, then S, (z)=E, and f,,.(z) = p(z)l;; v

S

z) o o P8 (2)e(2)S. ()
S.(z)=5,(2) P Z)(p(Z)SSS(Z)-}-NO)

NOSSS(Z)

)S,.(2)+ N,

)

=E_ and S@e(z) =

[z )+ N, plz
N,E
If we assume that s[k] is white, then S, (z s

p(z)ES + N, '

1 7 1
o & s = E[‘e[k]‘q =E — do
,ﬂp(ej ) s +1
N,

0



1 1 7 N E
PfE[k}:RO:— ) deo = AP
oo €[] 0] 27 o) do 2n[,p(efw)E +N,
:ESLJ' : N, a’a)zEsL : do
27[ ﬁp(e./w)Es'i'NO 272- ”p(eja)) s +1
0
-1
e Define SNR, /e =L. Then SNR, .5 = LJ.;ala)
~MMSE 27 np(ef“’) |
0
-1
Proof SNR, ,.sx = B — = = LJ‘ ! dow
1.~ MMSE Esi 1 do 27zfﬁp(ef“’)]\; +1
27 p(ej(u) s 4] 0
0
MMSE-DFE
o IfS (z)zp(z)ES + N, :}/Ogo(z)gg(z), then ,B(z)=g0(z).
Proof Consider S,(z)=p(z)E, +N,.
N,E, NE — _NE 1 1

Let 5,(2) = 7080 (2) 8 (2)- Sa(2) = P(2)E AN, 7g(2)e(z) 7 &(2)e(2)
1

Because ¢(z) = f(z)é(z), to minimize EDe(z)ﬂ , f(z)=———=g,(z). Then, minimum

g(2)

7o
i T InS, (e/(”)a'a) i jf ln(p(ej(”)Es +N(,)da) i T In N({p(ej(” )f]—;ﬂ}lw i ]E In N, +ln[p(e~/”’)]€—;+1}lw
¢ r=e 7 =e =e =e -
_ Oezlﬂ ln[p(e/“’)ff—;Jrlew
_ _ Es Eng (Z)
b f(Z) = fi_rase (Z):B(Z) = p(Z)ES TN, ﬂ( )_ ,O(Z)ES +N,
*  Dyuse_pre (Z) = ﬂ(z)—lz gO(Z)_l
E
*  Ese_pre = S
In @



NOE&‘ _ NOES E

S
z E 7 E
7o N e;ﬂ_J;ln[p(e’ )Foﬂ]dw i[{ln[p(e’ )N—;H]dw

Proof f?\/IMSE—DFE =

0 e -
17 E,
Lol e
* Define SNR 55— pre :L. Then SNR, 55— pre 262 = [ No Jd .
MMSE - DFE
Lm ple’ )E—H © . ’
BB s ne R e
Proof SNRMMSE—DFE = = =40 _ _
Eomas_prE NE, N, 0 N,
Yo
Linear zero-forcing equalizer: “zero” ISI completely by channel inversion.
1
¢ fLiZF(Z)_p(Z)
r(z) s(z)p(z)+w(z) w(z)
o e(z)=r(z)f(z)-s(z)= —s(z)= o) =
R e P e E B Py
° See(z) :E[e(z)e#(z):' _ SWW(Z) _ Nop(z) _ N,

o SNR, , =—2 =— = — [————do
L-2F & LJ N, » Zﬂfﬁip(em)
27 7 p(ej‘") N,
é‘1,—217 2 é‘1,—MMSE 2 ‘(';\IMSE—DFE and SNRL—ZF < SNRL—MMSE < SNRMMSE—DFE .
1 7 E 1 ¢ N,
Proof & . :E[‘e[k]ﬂ =— Lda) . do.
27 *. p(e-"")ES +N,

_E_,,p(ef‘”)+g°

s

& = E| e[ ] | = R.[0] :i S.(e")do :i] p(]Zgw)da).

N, N,
Because 0__ > 0 ,
p(e’”’) p(ej“’)+];f°

1 7 N, 1 7 N,
we conclude & . = e I I

n_ﬂp(e/'w) 271_”,0(6;@)_'_2’0




Now applying Jensen inequality to & ;0 pre = s , we have

Enise-pre = = .
jo\Ls
—7” ln[p(e )—NO +1Jda)

Elin% SNR,ysp—prp =1 and lim SNRL—ZF =0.

Proof Ehm SNR, 56— pre ; - ! =e - =1
-1
1 ¢ E
lim SNR, ;. = lim | — [ ——— da) = lim =0
E,—0 2 i EY E—0 ] ]E N, de
No 27 Y p(e-’“’)



