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• r[k] give sufficient statistics. 
• r[k] satisfies the equivalent discrete-time model  
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• The noise sequence w[k] can be generated by a white noise with PSD N0 and a linear stable causal monic 
phase filter ( )zβ . 

Proof We know that ( ) ( )#z zρ ρ= ; thus, its poles and zeroes are located symmetrically with respect to 

the unit circle. We can then factorize ( )zρ  into ( ) ( )#z zγβ β  where the poles and zeroes of 

( )zβ  are the poles and zeroes of ( )zρ  that are located inside the unit circle. By choosing the 

ROC of ( )zβ  such that it includes the unit circle and extends outward, ( )zβ  is stable, causal, 
and minimum phase.  
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Correlation and Correlation Spectrum 
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• If g(z) is monic and causal, then ( )#g z  is monic and anti-causal. 
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• If g(z) is SCAMP, then ( )1g z−  is also SCAMP. 

Proof g(z) has all of its zeros and poles inside the unit circle. Now, the zeros of ( )1g z−  are the poles of 

g(z) and vice versa. Thus, zeros and poles of ( )1g z−  are also inside the unit circle. 
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 is a zero/pole of ( )#g z . Thus, All poles and zeros of ( )#g z  

are outside the unit circle.  So, ( )#g z  is maximum phase. If de define the ROC of ( )1g z−  to be the 

disc inside the innermost pole, then ( )#g z  is stable (and anti-causal.) 
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• Linear filtering of a WSS process 
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• Filter h[k] 



• An LTI filter ( ) ( )
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• Causal ⇒ [monic ⇔ ( )lim 1

z
H z

→∞
= ] 

• If rational ( )H z , minimum phase if all its zeros are inside the unit circle. 
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linear filter ( )G z  with white input. 
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• ( )G z  is causal (involving only kz− ??)  
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• ( )G z  is minimum phase because ( )1G z−  is also analytical (??) 

• The Whitening Filter: 
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If x[k] be the input of a SCAMP filter, then, among the set of SCAMP filters, the whitening filter 
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Equality holds if ( )j
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yyS e ω  is constant.  Since ( ) ( ) ( )z z G zβ α=  is 

monic, it is a constant iff ( ) ( ) ( ) 1z z G zβ α= = ) 

This happens when ( ) ( )
1z

G z
α = . 

Optimal Linear Prediction 
• Given x[t-1], x[t-2], …, 

find a stable linear predictor ( )A z  (causal, a0 = 0) 

[ ] [ ] ( ) ( ) ( )
1

ˆˆ Z
k

k
x t a x t k X z A z X z

∞

=

= − → =∑  

[ ] [ ] [ ] ( ) ( )( ) ( ) ( )ˆ 1Ze t x t x t X z A z X z zα= − → − = ; ( ) ( )1z A zα = − . 

such that the mean square error [ ] 2
E e t =
 

E  is minimized by a causal monic and stable ( )zα . 

• If ( ) ( ) ( )#
xxS z z zγβ β= , we obtain ( ) ( )

11optA z
zβ

= −  

Proof Note that ( ) ( )1z A zα = −  is causal, stable, and monic. 

Because ( ) ( ) ( )e z X z zα= , by the whitening filter theorem, the whitening filter ( ) ( )
1z
z

α
β

=  

minimizes the output variance, which is [ ] 2
E e t =
 

E .  From ( ) ( )1z A zα = − , we have 

( ) ( )
11optA z
zβ

= − . 

MMSE Linear Equalizer 
• Scalar. 

Consider two zero mean random variable s and y. Knowing y, we like to infer s by exploiting the joint 
distribution of s and y. 
ŝ fy= . 

e s fy= − . Want to minimize 2 2E e E s fy   = −    . 

• Completing the squares solution: 
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So, 1
MMSE sy yyf R R−=  and ( )*1

MMSE ss sy yy ysR R R R−= −E . 

• Geometrical solution: 
Want to find ŝ fy=  closet to s in the direction of y.  

The necessary and sufficient condition of optimality is e y⊥  ≡ * 0E ey  =  . 

( ) * * * 0sy yyE s fy y E sy fE yy R fR     − = − = − =      .  

Thus, 1
MMSE sy yyf R R−= . 
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• yyR  is real. 

• Vectors: Estimating a WSS random process s[k] by linear-filtering a WSS process y[k]. 
( ) ( ) ( )ŝ z f z y z= . 

Define ( ) ( ) ( )ˆe z s z s z= − .  Want to minimize ( ) ( ) ( )#
eeS z E e z e z =   . 

Applying the orthogonal principle, we want ( ) ( )e z y z⊥ , i.e. ( ) ( )# 0E e z y z  =  . 

From ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

# # #

# #

ˆ

yy sy

E e z y z E s z s z y z E f z y z s z y z

f z E y z y z E s z y z

f z S z S z

     = − = −     
   = −   

= −

 

We need ( ) ( ) ( ) 0opt yy syf z S z S z− = . Hence ( ) ( )
( )

sy
opt

yy

S z
f z

S z
= . 



( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )

( )
( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

#
# # #

# # #

# # # #

sy sy
ee

yy yy

sy ys

yy yy

sy ys ys sy

yy yy yy yy

S z S z
S z E e z e z E y z s z y z s z

S z S z

S z S z
E e z e z E y z s z y z s z

S z S z

S z S z S z S z
E y z y z s z y z y z s z s z s z

S z S z S z S z

   
 = = − −           

   
 = = − −           
 

= − − + 
  

( )
( )

( )
( )

sy ys

yy yy

S z S z
S z S z

= ( )yyS z
( )
( ) ( )ys

sy
yy

S z
S z

S z
−

( )
( ) ( ) ( )

( ) ( )
( ) ( )

sy
ys ss

yy

sy
ss ys

yy

S z
S z S z

S z

S z
S z S z

S z

− +

= −

 

MMSE – Minimum Mean Square Error Estimation 
MMSE Linear Equalizer 

 
r[k] 

( )f z
[ ]ŝ k

 
• ( )f z : stable IIR, can be non-causal. 

MMSE-DFE 
 

r[k] 
( )f z

[ ]ŝ k
⊕

( )b z

v(z) 

 
• ( )f z : stable IIR, can be non-causal. 

• Causal ( )b z , [ ]0 0b =  ( )lim 0
z

b z
→∞

 = 
 

. ( ) 1 2
1 2b z b z b z− −= + +"  

• If do optimally, should be better than MMSE without DFE because ( ) 0b z =  case is included, so the 
optimal case should be better. 

• Criterion: 
( ) ( )

[ ] [ ] 2

,
min

f z b z
E v k s k −
 
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• Assumption: [ ] [ ]ŝ k s k≈ . 

•  
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )ˆv z r z f z b z s z r z f z b z s z= − ≈ −  



( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )
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1e z v z s z r z f z b z s z s z r z f z b z s z

r z f z z s zβ
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. 

Note that ( ) ( ) 1z b zβ = +  is IIR, causal, stable, and monic. 

Applying the orthogonal principle, we need ( ) ( )e z r z⊥ ,  
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where ( )e z�  is the MSE of the linear MMSE estimator (without DFE). 

The optimal feedback filter is given by choosing a SCAMP ( )zβ  to minimize ( ) 2
E e z 
 

. 

So, get ( )zβ  from spectral factorization of ( ) ( ) ( )
( ) ( )sy

ee ss ys
yy

S z
S z S z S z

S z
= −� � . 

Discrete-time Equivalent Channel with MMSE 
• [ ] [ ] [ ] [ ] ( ) ( ) ( ) ( )* zr k k s k w k r z z s z w zρ ρ= + → = +  

[ ] [ ] ( ) ( )0 0
Z

ww wwR k N k S z N zρ ρ= → =  

( )ss sS z E= . 

• ( ) ( ) ( ) ( )( )0rr ssS z z z S z Nρ ρ= +  

Proof From ( ) ( ) ( ) ( )r z z s z w zρ= + , 
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From independence of w[k] and s[k], and assuming that the noise is zero mean, 



( ) ( ) ( ) ( ) ( ) ( ) ( )# #
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We have shown that ( ) ( ) 0wwS z z Nρ= ; thus, ( ) ( ) ( ) ( )( )0rr ssS z z z S z Nρ ρ= + . 

• Linear MMSE 
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If we assume that s[k] is white, then ( )ss sS z E=  and ( ) ( )
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• Define s
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• MMSE-DFE 
• If ( ) ( ) ( ) ( )#
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• Linear zero-forcing equalizer: “zero” ISI completely by channel inversion.  
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Now applying Jensen inequality to 
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