J v(x) J v(x) u(x)
' w f(t)dt=—{ [ 1= | f(r)dr}f(v(x))v’(x)—f(u(x))u’(x)
. mLe"‘” = |~ me‘“" x:l z we_(axz+hx+c) x:\/:ebz“:ac

'[ x ¢ a ’-[ 4 2Va ’_J; « a
o Fy(xly)=P[X<xly=y], F,(x)=P[{X <x}n4]

e P[4]X =x]=lim x—AfX’A () _ Sea(x) _ PlA] S (%)
o j Jx (x,)dx’ I (x) Jx (x)

x—A

¢ Inequality/bound

e Markov’s: P[X >a]< lEX , X is a nonnegative r.v.
a

2

2
Chebyshev: PDX—EX| > a] < U—f M One-sided Chebyshev: P[X > EX +a]< ZO-X =,
a oy +a

2

O
PIX>2EX—-qal|< &
[ d oy +a’

Chernoff: P[X > a] < %E[e” ] ; minimize the RHS w.r.t. A.
e
E[e"]=®,(-id); P[X <a]<e E[e™"].
Union: P[AUBUC]|< P[A]+P[B]+P[C].
Jensen’s: For real valued convex function f, f(EX)<E [ f(x )]

e Poisson 2(1), ¢ i' :Q=N,0<X EX=1 VARX) =4, @, (u)=Ee" = """ | Binomial
l

sin ub_a
a+b (b—a)2 iub%a 2

n k n—k 1 .
1- < np, np(1-p), (pe"+1-p)" | Uniform U(a,b), ——, =—L ¢
(kjp( )" snp,np(1p), (pe"+1-p) (ab), ==, i
2
1 0
. 1 1 o . A gy Ee r< 2
|Exponentlal qa),—,—, . .|Laplac1an L(a),—e ;o0 >0, ,0, —
a o a-iu 2 -2 ™ x>0 a

e Majority rule: independent K channels. Each with error probability p.

-] S~ [F <20}
S-S (T

.| K
i=| 2

Gaussian

Real: M(m,0%) = f, (x)=——-e




[ x—EX, ]zizp[x, _EX, ][ x,—EX, }r[ x,—EX, ]2
1 X1 Ox 2 Ox, Ox,
S, (%,%,) = —e 2(1-0?)
2noy oy N1 p
Cov(X,,X,) E(X,X,)-EXEX,

O-Xngz UX,GXz

p:

N(0,1): O(z)= ILé?dx j&_decreasing function | 0(0)=

"N27

1
2 9

P[X>x]:Q(x_mj | P[X<x]=1—Q(

o

JV( ,—j: erf (z \/_J.e”‘zdx | erfe(z)=1-erf(2) | Q(Z):%erfc(\/aJ [1 erf[TD
erfe(z) =20(V2z).

2

. 1 2 1 0.%
Complex: x,y ~ ./V(O,O'Z) —S>z=x+iy~ GJV(O,202) = f, (z) = fry (x,y) = o e = o2 e
HZH 2
e Independent N-dim = f,(Z)= ( 12 —e 7, X,¥ ~ ./V(O 7} 7~ eJV(O,(TZ)
o

Optimal detector: MAP (Maximum a posteriori)

A

o S.,.» :argrfrel{a%P[S‘ :§]f1‘e\§(’7|§)

Optimal decision regions: 7 ¢ R iff P| S = i‘ﬁz? ZP[S:§.‘R:7J Vj#i,or
equlvalently,P[Szﬁi]fR‘ ( | )>P[S’=§j]fﬁ‘g(?|§j) Vi#i.
ML: §ML =argm{@?§ fk‘g(f|§)

Likelihood Function

fR‘S( F|s ) fy (7 =5) for S independent of N .

il B
N~ N(@,&]] : fN(ﬁ)=+e 2o" sor N~@N(0,N,I)
2 (27)2 o™

The MAP Receiver for AWGN Channel (real or complex N)

A

Svip = argrirel{a;?P[S :§]fN(f -5) :arggrelijp(||l7—§||2 - N, lnP[S’ :§])

= argmaX(Re{§Hr} 20 1np[ } ”S”

S‘e{s,}

The ML detector for AWGN Channel

o) [ e =g



. ﬁML(R=) argmm(

_12
1) el -

o { o)) i
(ol o)

e ML’s minimax property: if P, [S #5, ‘S = Ei] is independent of i, then the ML receiver min the max

error prob. for all possible priors { pEP[s= El]} .
”Zl - 22”2 =(z -2, )H (z-2,)= ”21 ”2 + ”22”2 - 2RG{ZIH22}

Invariance Properties of Error Probability MW r.t. the translation of signal set M W.r.t. the rotation of the
signal points if the noise PDF is invariant when the axes of its arguments are rotated

1

Union bound: P[€S=5] =P[ReR|S=5| =P||JReR|S=5 | <Y P[ReR|S=5]
J J

J#i J#i

< Pppsxc I:S ‘S = } Zj:Q[Hgf2;§’HJ

J#i

E

S

log, M

E, =

BPSK: S,,,(r)= o=t 7, = o P
s, otherwise’ S,—S, D 2

P[S]ZPOQ( ]+p1 ( ~ j | Binary, ML: P[€]= Q[@}Q[ 2}\%}
|sefs,=~VE.s=VE}. £ ===

- - 2(M -1
M-PAM: M =2", se{ilA,i—A,iﬁA,...,iMz IA}, ES:Alez L ppey =2t )Q( A J

N +S0

W

2 2 2
A 6log, M E, ¢\ log, M* E,

Nonn A
\/ﬁ M2_1 N norm_ M2—1 N \/— 3SNRnarm |4 QAM E = 2

0

P[C]ZP[C|S°]:[1_Q[\/2ATB . | M-QAM: E,log, M* = E, =

— 2
ML) 4 - 1) 0 svk, < PBME,
M M’ M* -1 N,

)

A2

P[ﬁ] =1- (1 — Py paut [81)2 =

2N, e

A logzM E, Ji A? { A ] A
=3SNR, . |MPSK: E=—=_ 0 < P[€]<20 .
4sin’ (;2) V2N, V2N,



A 2sin2(£Jlog2M £ _ 2(M —l)sinz(ijSNRm.m . | M-ary Orthogonal Signals:
J2N, M N, M

0

T
@:{00.-- JE. ---OOJ,ES—A—Z,@ {For>r.Vj=if,
i) 2

i position
(i) z

plel= ][0 )| rtls)an stale)- e stelz(or o] [ |

=

T
A E M 2
= [ =\/—(MM —l]SNRWm . | M-dim bi-orthogonal signals: 5 =(00-~- +JE, -0 0} ,
2 N G

V2N, N,
A2 . o : M-1
£=5 slels]=]i-20(% )| talsen

Pairwise error probability: P[Ei - §j] = Q[HE _ E’H]

i position

20,,
e = N TR |
General cases: d :nlulnusl -5, d = i Hsi -5, d :szi ,
i#j i#]
Q(zj—wj’M [ j<P[€]<_;;Q(“S 5 HJ M — l)Q[%}v=#signals with at least one

neighbor at d,,;, > 2. Small P[S] if large d,in , less number of nearest neighbor.

|5=5]<11( R\s( i[5, )) (s (515)) e

The Bhattacharyya Bound: P[s -5, m \/fR‘S )fR‘S (?c|§. )d?c .

P[s, —>§.]ép[

Binary Random Coding: N-Dim AWGN channel. R=S+N, R=S+N ~N (O o’l ) where § is selected
iid.
with equal probability from two randomly selected symbols{5,.,5,}; 5,5, ~ ¢, (5). With

qND(E):]ﬂ[q(si ), R‘s( x[s)= Hf( xs,), P[§0—>§1]{j“q(s) /f(x|s)” _ oyt

i=1

Rate R is achievable if there exists a sequence of constellations (codes) {5,....,s,, } , M =2 such that
1
lim B, . [€]=0. (M symbols = log, M bits per N dimensions. Thus, R = Og]i/ [?})
im

Capacity is the maximum achievable rate.

Capacity Lower Bound of memoryless channel fR‘ P (17 |§ ) = ﬁ f (14 |si) :

- n&%;‘{logz[ e dx} ]

e Union bound: p[&]= p[€|§1] < f:P[L?1 — 5]
i=2




iid
AWGN model. Independent channel. r, =5, +n,. n, ~ N (O,%) . The transmitter uses some rate-R

codebook S {El,. . .,§2NR} with equally likely codewords (ML).

£
 Antipodal Antipodal Signaling: s, € {£E,}. R, = —log, L%+%e Mo ]

e Symmetric M-ary Signaling: s € {s,} = {i—A +%A +

M M —(i- )2310g22M]€b
R,(M _10g2M2 ZZe MR
=1

j=li

~.

E,

2F 2

BPSK without fading: P[€] = Q[ Nb J ;e Mo
0

BPSK Coherent Detection in Rayleigh Fading (complex)

5 2—Eb, R=hS + N, known ]’l~./V(O,O'2) = f,(h)=

. S‘ argsrensaougi1 Re{h 5 r} M P[£|h] 0 M , P[£]=E[P[€|hﬂ
7 o
2

® 5 =5,

2 2
s|=&, = P[ﬁlh]Q[ %ﬂ} SNR =y, :_E]bvah ,

e
&l=[[eo [ 26, J—z % dhydh, _1£1— %o Jz 1
o, 2 I+, 4SNR

BPSK Noncoherent Receiver: S v = arg Sn?ax f ( |S) =arg Sn{lax}

L
2+ SNR N,

L-Diversity Reception: real: 7 = hs+7, N ~ N (6,%

}"S‘

e For |5||=E,,and 5,5, =55, =0, P[€]=

Ij, h~N(0,0,1)

. S’M —argmln(Hr—th )—argmax[h S¥ — ”S” J

sels;} sefs;}

. Ifse{+\/_} thenS,, = arg max (ETsf)zsign{ETF}\/E_h.

sef ]

Can implement 4”7 by discrete linear combiner (filter). 7 — |h| — <17 h > .

1

26, [
N 2(1+ SNR)"

P[&|n] Q( }.IZI P[E]<

0



Theorem of Reversibility. If function 7'(7) is invertible, then the MAP detector based on 7 =T ()

minimizes the error probability.
Given fys (|s), T (f?) is a sufficient statistic for 5 if f (

(7 )) is independent of § . M If T(R) isa

A

sufficient statistic, then SMAP (T(R)) =S,up (R)
Neyman-Fisher Factorization Theorem: Given f (? |s ), f =T(F) is a sufficient statistic for § if and only
i s (715) = £(7(7) (7).

Given [ (7.5|5)= f(%|7.5)f(7|s). Disregard # iff £ (7|7,5)=f(A]%).

Waveform

Parseval Theorem: <x(t),y(t)> J. (1)) (t)dt =y"2=(%,).

Correlator receiver.

0

§MAP (t)=arg min .[ ‘r(t) —s(t)‘zdt - N, lnP[S(t) = S(t):l]

s(0)els; (0

g RG{T (1)s Udf} S P[8(0)=s5(1)]-—

—00

Vi

S, (1)= argmin H”(t)—s(t)Hz = argmax}[Re{T (1)s (t)dt} H H J

S(I)E{so (t),} s(t)e{so (t),“.
Matched Filtering: Given (complex) s(¢), the filter /() is matched to s(¢) at time Tif h(¢)=s (T —t).

—00

=T -
} () 4] (- =Y [ o

=] r)s (1

Implement (r (t) *h (t))

—00

PPM: s(t)e {so(t),s1 (t),} . 5(t)=p(t), s,(t)=p(t—iA). r(t)=s(t)+n,(r). = constant Hsz'(l)Hz - E

e Can implement each I r()s; (¢)dt of optimal detector with

o h(t)=s/(T-1t)=p (T—-1t-iA) sampled at time T. or
o h(t)=s,(T—t)=p (T —1t) sampled at time T +iA.

e Large7, A= AT Encoding RT bit information into 2*" starting position of the pulse (T sec). Rate

E
TN, 2In2

bits/sec. can be achieved reliably.

t)—so(t)H .
N,
2

ML Binary signaling: s,(¢), s,(¢). AWGN ~ % PlE]=0 HS1(
2



{5,(£),....8,, (1)} = K < M orthonormal{g, (¢),....¢, (¢)} . 5,(¢) = gsijgoj (1) = 5, =[5, 5] -

(5), = j s.(t)o;(t)dt. n,(1) ~ AWGN with S(f) = No. 7 =5 +17i

(1) ¢ (1)
. -
51 —>X)— — X J’ L

5e{s) @—,6%7 7
“K—’Cfr@* n (1) —’@%*

ox (1) 9 (1)

[—]
=

0

= [ () (e, m, = [ n, (1) (e, 7~ @A (0,N, 1)

—00

ML implementation: Vector (K dim): Get 7, = I r(t)@; (t)dt , then min |7 —5,||. @ Continuous (M dim):

arg max c HS H
s(r)eg{%(r)»u}[R {Iw ()s } J
J r(t)p(t—A)dt=(r<t>*p<<T—t>—A>), =P, =(r()* S+ 2)* p(T 1))

n,(t) ~real AWGN with p.s.d. 7 n=[n,(t)*h(t )l . N(O,%Lhz(s)dsj.

=T

Baseband-Passband: x”(¢)«Z— X (- f (X(f) +X (—f)) . If x,(7) is a baseband
signal, then (I(IRe{ SNy }) "’Z”f"’) p(1)=x, (t)

xp(t):\/ERe{xb(t)eﬁ”f"} Xp(f):—X (f fo)
x,(0)e X (f+ )=
V (t) =X, (t)

Capacity for Bandlimited AWGN Channels: C = Blog, (1 +

X;(_ =21, yb(t):(ﬁxp (£)e )by, ().
P
BNOJ'
. [ =

(Uld)= X +loly Il =5 [ 5(e)7 (Yo el = T[4l = - [ (e)




Pl o [ R(@)em a0 = (== 0 (0) =

é'—.S

x(t)e_jg'dt.

x[n]zij X(0)e"do—"=2X (0) = i x[nle . X(w+2k7)= X ().

X(w)= kf;c(TiSX [FS k—j] . x[n]= n_(:T) - ij{é(%x (% ¥ k%”j]}efmdw.
#(o)
F2: IOX(f)ejz”ﬁdf: (== 1 et X' () «ZoX (= f). X' (=) <Z X (f).

.[ DTFT f) e fdf = )%DTFT( ): Z [”]ejz " x[ ]: J‘%i){(§+%jeﬂﬂﬂcdf-

I\)\-—

Ko (1) = 3 X[ L2 (0287 8 £l0) (). [x(0)y" (= [ X (1) (1)
XN =X@,,,, - K@) =X(, 2. Ton ()= F ()],

If x(¢) L y(¢), then X (f) LY ().
PSD: w.s.s. X(t) = |h(-)| > w.s.s. Y(O). R, (7) =Ry () *h(z)*h" (=7). S, (f) =S, (/)| H(f) -

+00

h(z)*h (-7)= Ih(,u)h*(y—r)dy. Let y[k]:y(t)‘t:kr and Ry[k]:E[y[m]y*[m—k]], then

R [k]= Ry(kT)tw

0 o0

Z-tranform: X(z) = Y x[nlz™" ; 0<R,<|z] <Ry <oo. x[k]—2> X (z)= > x[k]* ZZ—”)X(@””).
* z # L —k o1 z=e® *( jo # *_
X[kt x (Z):kzz_wx [~k * =X (?]—»( (). (x7(2)) =X(2).

(X(Z)Y(z))#:X#(z)Y#(z).(X(z)+Y(z))#:X#(z)+Y#(z).x[k]:x*[—k]DX(Z):X#(Z).
X#(Z%J:X*(ZO). X*(zl)zx*(zil*j.
A5 (K= 3l =KX ()7 (2)= 3 3 sl -4

X(ZO)=0:>X#(L*]=O. X#(Zl)=0:>X[i*J=O. limX(z)zoo:> lirrllX#(z):oo,
Z, zZ zz, 2L
lim X" (z) =0 = lim X(z) =o.1f X(z)=X"(z), then its poles and zeroes are located symmetrically

with respect to the unit circle.



H (z) = is minimum phase < all its poles and zeros are inside the unit circles |Z| =1 < both it and

its inverse are stable. For a causal minimum phase A[], the partial energy €[n]= Z‘h[k]‘z
k=0

1
H(z)
maximum for all » among all sequences with the same energy. Thus, minimum-phase signals are maximally
concentrated toward time 0 among the space of causal signals for a given magnitude spectrum.

A polynomial of the form H(z)=h,+hz" +...+hyz" =h (1 2,z )(1 —z,z ) '-(1 - zNz’l) is minimum
phase if all of its roots z; are inside the unit circle, i.e. |zi| <1.

Monic if 4[0] = 1. Causal = [monic < lim H(z)=1].

s
If g(z) is monic and causal, then g"(z) is monic and anti-causal. If g(z) is SCAMP, then g~'(z) is also
SCAMP. If g(z) is SCAMP, then g (z) is monic, anticausal, stable, and maximum phase.
1

) 1 N-1
x[n] 25 «x :—X(e”")
OSnLNll OSkSkN—l \/ﬁ HZ(;

Gap to Capacity Analysis

Transmit signal from a constellation of M equally likely signals in 7 [sec]. Information (source) rate =

log, M log, M :
R="527 [bl } Spectral/BW efficiency v = R ~ 05 1 . Transmitter (average) power =
T sec B
.1 ° PT E P P E
P=E|lim—[|s(e) dt|. E,=E| [|s()[at|. E, = == =" SNR=——=v—" Power
Too Ty k log,M log,M R N,B N,

efficiency = % = EL SNR > SNR, =2" —1. Rate normalized

b

SNR:SNR = _ SNR _ SNR v £ >1=0dB. SNRuom = coding gain needed to make P[E]— 0.

“m T SNR. 2°—1 2'-1N,

To compare modulations, fix P [8] , smaller SNRy,m indicates closer to capacity.

If N = number of real dimension. Then, for PAM, QAM (complex PAM), M-PSK, and M-array orthogonal,
N=1,2,2, M, respectively. 2BT = N.

Capacity of AWGN channel C = Blog, (1 + SNR) >R { bit }
sec

Transmission of N-Dimensional complex vector § = [S[O],. S[N - 1]]T els

For AWGN channel 7 =5 + 7 where ii ~ CN(0,N,/). IfR=lOg—2N<R0 [b.lt}:[ it },then
N dim channel use

reliable communication (lim P[§ML #5 ] = 0) is possible (using some good codebook.)

For a channel with BW B, given total time 7, [sec] there are 2BT,, real dimensions or N = BT, complex
NR _BTR _ » {bu}

dimensions. Thus, we can transmit NR [bits] in time T, [s], which is — =

m m

S€C



Single carrier transmission

e For the complex passband channel with BW B, use time-shifted pulses
{p(t).p(t=T),...p(t=(N-1)T)}.
e If we limit p(f) to BW B, the minimum spacing between two adjacent symbols is 2 [sec].

e MLSD/MLSE: Maximum Likelihood Sequence Detection/Estimation
n(?)

A

t=kT
s[k] - ,L T % .
h(z) DL o g LMD >+

wlk]

W 0 —(-£—> K]

Let y(t s[k t—kT)+n(t), where n(t) is complex AWGN with PSD Nj, then

5, = argmgn—2Re{;VZ;s* [k]r[k]} + [fljfz;s[k]s*[i] oli —k]j, where #[k] = y(1)* i (~t)
plk]=h(e)* ' (1) .
r[k] = p[k] * s[k] + w[k]—zw(z) = p(z)s(z) + w(z). w[k] = (n(t) *n (—t)) .

o p(t)=h(t)*h (-t)= Ih(r)h* (r—t)dr. p(-t)=p (7). p(0)= 'Hh(r)‘zdr (always real).

p<r>£g<f>=\H<f>V-

[}
L

and
t=kT

plk]=p(kT) .[h (r—kT)r . p[-k]=p"[K]. Z plkle™". zois a zero of p(z) if and only

o1 1 1 : . . o
if —= (|Z J is a zero of p( ) z, and — form a pair symmetrical with respect to the unit circle.
z

Zy |Z | zZ,

p#(z):p(z) p[k]%QDTFT )=l i Q(L‘Fﬁj:ni ,O[I’l]efj'ﬂ”f.

If n(f) is white with PSD No, then R, [k]= N, p[k]—2>S,,(z) = N,p(z). (Not white unless p[k] = 8[£].)

The noise sequence w[k] can be generated by a white noise with PSD N, and a linear stable causal monic
phase filter B(z). Because p(z)= p”(z), its poles and zeroes are located symmetrically with respect to the

unit circle. Thus, can factorize.



The Nyquist Theorem: p[k] = p[0]5[k] iff lZ:Q(f —%j = p[O] and the MLSD is the same as symbol-

R N-1 k
by-symbol ML detection. S,, =argmin| Y _|s[k r[[ ]] . The min BW (max f— min f) required is %
s =0
it arnt
sin“— cos—— 1+
Raised cosine pulse with roll-off factor oz p, (¢)= p 1 ];tz . Bandlimited to 0,(0)=T,
a
- 1 -
T T’
1 T T zT l-o -« l+«a
— == k kT k]. =—| l+cos| — —— || ==/ ;
QU!(ZTJ 2 [ ] p( ) [ ] Qa(f) 2( ( a (|f| 2T jjj 2T |f| 2T
1- l+a . .
T,0< | f | 7 ;0,0 f | > YR Decay faster (flatter tail) for higher alpha.

Viterbi: given 7 =[r,, 7, ....n, ], =[Py P1»--sp, ], P 20 only for -L<k <L, €C={c,....c.}.

t t t
§,, =argminC,,_, where CostC, =|-2 Re{Zs:r,,} + (Z ZsZsmp(,mj =C_, +AC(r,s,;7,_,). Define the
seeV =0 )

(=0 m=0

S t—L+1 t SV t—L+1

state at time £ by (s,,...,5,_,,,) = 7, =(8,5....5,_;,, ) €CT . Fort <L, m, =(s,,...,8,) . 7y =5,.
%/—/

L

min(t,L)

t

C, = —2Re{s;r0} +15|” 0] AC(r,,857,,) = —2Re{s:z;} + 2Re{s,*

2
Stkpk} + |S:| Po -

e ForL=1,fort>0, z,=s,:C =C,, +(—2RC{S:FI} +2Re{s:st_1pl} +]s,|’ po).

k=1

*

o ForL=2, 7 =(s.,5): C =C0+AC(r1,s1;7r0)=C0—2Re{slrl}+2Re{sl*s0pl}+|sl|2po.

fort>1, AC(7;,s,57, )——2Re{s:};}+2Re{s,*s1_,pl+sfs,_2p2}+|S,|2,00-

2712

SER increases as the length increases.

d_. d . d..
K < PIEIS KO 22 |+ 0 —mn_ || where dp;, 1s the minimum distance between eve

pair of paths.
Matched filter bound: single symbol s transmitted over a Baseband channel 4(7) modeled by
r(t)=sh(t)+n(r) where n(?) is the complex Gaussian noise with PSD No.

& E, & E, )
K Q| [Pm—h 1< P[E]<K,Q % where E, = 'ﬂh(t)‘ dt is the channel energy, and & is the
0

2N,
minimum distance of the symbol constellation.
& E, d:. . . . .
Define y,,, = ;*]“v s Vasrsp = 2}“\‘}“ where dpiy is the minimum distance of any pair of sequences.
0 0

Viisp < Vur - Q(1 [V viso ) > Q(W) because Q is a decreasing function.



Correlation and Correlation Spectrum: Given WSS x[n], y[n],

R [k]= E[x[n]y* [n— k]]—Z>Sxy (z);E[X(z)Y# (z)] power spectrum density.

R (K= [ 5, (") dotms, ()= 3R [nk . R[-K]=R,[4]. S1()=5,,(2).

R,y [—k]zRE;Y[k], S (2)=Sy(2). Sy (ej“’) is real.

White process x[k] = S (z)=E, = E[‘x[n]ﬂ
R Ux[k } ”S "”
WSS x[k] = |h[-]| = WSS y[k]. R,[k]=R,[k]*h[k]*h [-k]. S, (z)=H(z)H"(2)S,.(z)-

) 5. ().

For an FIR filter with white input (Sxx (z)=E, = E[‘x[n]‘z}) .S, (z)=E.H(z)H"(z), and the PSD of the

X

S (e""”) = ‘H(e'/“’

pud

output has zeros symmetrical around the unit circle.

Spectral Factorization: Let x[k] be a stationary process with S (z)=E [X (z) X" (z)] If

I InS (ej © )da) > —o0, then there exists a ¥ > 0 and a unique stable, causal, monic, and minimum phase

s
i InS, ( )da)

(SCAMP) filter g[k]—2—>G(z) suchthat S (z)=yG(z)G"(z), y=€ . We can generate

x[k] (same spectrum as x[k]) using a linear filter G(z) with white input.

Whittle’s Construction: If InS, (z) is analytic in p <|z|<— (p <1), then it has the Laurent expansion
P

1 % o\
InS, Z c,z " where ¢, =— J InS_ (e"”)e”“"da)ﬂT—)IrlS ( ) cy is real and even. Then
ZJ(,]‘Z k ic_kzk Lﬂ i InS, ( )d(u icsz‘f
S, (z) =e% e L y=¢eP = e . G(z) =e .
L i InsS, (e Mo
The Whitening Filter: S (z)=yG(z)G"(z), v = e . If x[k] be the input of a SCAMP filter,
then, among the set of SCAMP filters, the whitening filter a(z) = G; ) minimizes the output variance. In
zZ
particular, the output y[£] is a white sequence and E U y[k]r} =
1 .
—J.lnsw,(ef”’}d(o 1 T ( jw) 1 V4
2z InS,, (e _ i _ 2
y=e " SEJ;Q d(!)—gﬂS}y(ej )d({)—EDy[k:” :|
Optimal Linear Prediction: given x[#-1], x[¢-2], ... S..(z)=y8(z)B"(z). Find a stable linear predictor

A(z) (causal, a9 = 0), fc[t]:gakx[t—k]%)?(z) A(2)X(2).



e[t]=x[t]- fc[t]—Z—>X(z)(1 - A(z)) =X(z)a(z); a(z)=1-A(z), such that the mean square error
1
B(z)
e MMSE Linear Equalizer: scalar: § = fy. e =s— fy. Want to minimize EDeﬂ = EDS — fyﬂ .
s=s |=/T R, +R, - R~ /'R,.
(f~R,RNR (f~RR) =€-R +R (R))R,. fiss =R,R . &z =R, R (R]) R,..
e Geometrical solution: e L y = E [ey*] =0. fiusz =R,R,,.

E[‘%/IMSE]:E|:|e|2:|:E|:|S|2:|_E|:|fMMSEy|:| R, RSyRy)lRys R, is real.

e MMSE Linear Equalizer: §(z)= f(z)y(z). f(z): stable IIR, can be non-causal. e(z)=5(z)—s(z).

Want to minimize See(z)zE[e(z)e#(z)]. e(z)Ly(z),ie. E[e( )y “(z )] 0. f;)pt( z)= i (Z)

&= E[‘e[z‘]‘z} is minimized by a causal monic and stable a(z). 4,,(z)=1-

e Completing the squares solution: €=FE [

S,(2)
See(z)=SSS(z)—§L8Sw(z). TR — -
e MMSE-DFE: Causal b(z), b[0]=0 (llilgob(z) 0. b(2)=bz"+bz?+--. f(rg?})r(lz)E[‘v[k]—s[k]‘z}.
Assumption: s[ ] [k] v( ) (z)f(z)—b(z)§(z) r(z)f(z)—b(z)s(z).

e(z)=v(z)-s(z)=r(z)f(z)- B(z)s(z). B(z)=b(z)+1 is IR, causal, stable, and monic. e(z) L r(z).

f(z) = i“"(z)ﬂ(z). e(z) = ,B(z)é(z). ,B(z) from spectral 4]
rr (Z ) r [k] V(Zz
: —— /(2) 1
factorization of S, (z)=S,(z)- %S »(2) (to minimize

S
E[‘e(z)‘z} )

)

yy

e Linear MMSE: f,,..(z)= S, (2) = 2
S (2)S,(z)+N, p(2)E, +N,
NS, (z) N,E 2 17 1
S.(z)= o = b & zE[e k }zES— —do.
() p(2)S,(2)+N, p(z)E +N, LS ‘ [ ]‘ 272'_ﬂ_p(ejw)Es 1
—1 ’
E 1 G 1
SNRL MMSE : ‘ SNRL MMSE I ) da)
17— MMSE ﬁp(ejw) s +1



e MMSE-DFE: If S, (z) = p(2)E. + N, = 1,2, () g/ (2). then f(z)=g,(z). E[‘e(z)ﬂ _

7o
L
7-[ [ elw ]d(u E Eg (Z)
=N 2 - . = =— 5 :—S 0 .
Yo € f(Z) f},—MMSE(z)ﬂ(z) p(Z)ES+N0ﬂ(Z) ,O(Z)ES+N0
E E
byis—pre (Z) = ﬂ(z)—l = go(z)_l' Eise-pre = Lz S - SNR\isp-pre =
py. I 1{,;(&“)7(‘)“}/50 ‘(';\/[MSE—DFE

g

e Linear zero-forcing equalizer: f, . (z) =—

6, o = E[Jeli J= R 0] - ] 5. ()0 =5 [ —Fdo.

27 * 2r %p(e”’)
-1
E |1 T 1
Wiz & 27[—'[r NS ,O(e’“))da)
0

® €L ZF = €L MMSE — ((';\/IMSE DFE and SNRL ZF < SNRL MMSE < SNRMMSE -DFE *
. glInOSNRMMSE—DFE =1 and EhrnOSNRHF =0.

Multicarrier Transmission
ok
o If p(t—mT)L p(t—nT),then P(t)e’>™" L P(t)e’*™" . Basic functions {P(t)ejsz}. k=0, ..., N-1.

e 1, =Hs, +w; r[n]=h[n]®s[n]+w[n]

e Circular and linear convolution: 4[n] =0 for n <0 and n > v. s[n] =
0<n<N-1

[S[N—l],. ] Cyclic prefix: §[n]= {z{:]uv], —V_Sn_S—l : H [H

Then (h® s)[n] = (h*5)[n] forn=0, ..., N-1. iR E

e Transmit N samples s,,...,sy_, at a time. s, —~——>s[n]. Add cyclic prefix

5 = [S[N—V], ... s[N—1],s[0],..., S[N—l]] . FIR channel model x[n]= gh[i].?[n—i]er[n] where

w[k]i'id'er(o,N) (Using MATLAB,) have x[n]=[ p[N -v],..., p[N -1],7[0].....r[N -1]].

Remove cyclic prefix, get | ([r H) r[n]——>r . n =Hs, +w,.
k
Nel ok N;if —el .
o YN N w Cew(o.m,).

n=0 0; ifﬁel
N
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Matrix Formulation: Let W, = e N .DFT: X = Ox . IDFT: x=0"X .

XN—] W,\(,N_l)z VVA(/N—I)(N—Z) . 1 x[N _ 1]
1] : I :
I S I I D
X, ‘ ‘ 0
XO 1 1 1 NxN x[? ]

Q is a unitary matrix, i.e. 0"Q=00" =1. (Q’1 =QH). 'y =X'X,. ||)?||=H)—(H %, —)E2||=“X1—)?2“.

Circulant matrix H,, 0 0
hlo] A[1] A2 0 o0 H_| o 0
0 hfo] AQ1] 2] o0 © OHQ
He=| 0 0 o] A[1] #[2] 0 0 H,
W2 0 0 o] Afi]
m1] A[2] o 0 afo]
Hy, 0 0
x=0"s. y=H.X+w.F=0y=0H 3+0w=| 0 - 0 |5+
0 0 H,
H,, 0 o]
§,, =argmin|F—| 0 -. 0 |5 <3, [k]=argmin|r, —H,s,
‘ 0 0 H,
2 2
ing: y, - [Fd HLAR int £ imi
Water filling: y, =——. SNR, = — = E, 7, . Total power constraint £ —ZE,. . Maximize rate of
o o :

. . 1
reliable transmission by E, + — = constant.

Vi
(1 1) (2(,01+p2)+p0)—2l’[
’ (20 =p2)+p0) -2,
(o (2(=p = p:)+py)+2r,
’ (2(=p+2)+ p0)+ 27
. (2(=p+p)+p) =21
’ (2(—p1—,02 +p0)—21’t
(_1 _1) (2(p1 _p2)+po)+2rr
’ (2(p+p.)+p)+ 20,
71 7t




(2,0] +p0)_2rt

(1)

(_2/3] + :00) =27,

e

Q(—m +p)+27,
(2;01 + po) +2r

Din



